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Biconservative submanifolds and general properties

Let ϕ : (Mm, g) → (Nn, h) be a smooth
map between two Riemannian manifolds.
Biharmonic maps are critical points of
the bienergy functional

E2 (ϕ) =
1

2

∫
M

|τ(ϕ)|2 vg,

where τ(ϕ) = τ1(ϕ) = traceg∇dϕ; thus
they are solutions of Euler-Lagrange equa-
tion associated to E2 (also called bihar-
monic equation):

τ2(ϕ) = −∆
ϕ
τ(ϕ) − traceg R

N
(dϕ, τ(ϕ))dϕ

= 0.

Here, ∆ϕ = − traceg
(
∇ϕ∇ϕ −∇ϕ∇

)
is

the rough Laplacian on sections of ϕ−1TN
and RN (X,Y )Z = ∇NX∇

N
Y Z−∇

N
Y ∇

N
XZ−

∇N[X,Y ]Z is the curvature on N .

De�nition 1 A submanifold Mm in Nn,
i.e., ϕ : Mm → Nn Riemannian immer-
sion, is called biconservative if τ2(ϕ)> =
0.

Theorem 1 ([3]) A submanifold Mm in
a Riemannian manifold Nn, with sec-
ond fundamental form B, mean curvature
vector �eld H, and shape operator A, is

biconservative if and only if

m

2
∇|H|2 + 2 traceA∇⊥· H

(·) +

+2 trace(R
N

(·, H)·)> = 0,

where ∆⊥ is the Laplacian in the normal
bundle.

Remark 1 A submanifold Mm in Nn is
biconservative if and only if divSϕ2 = 0,
where Sϕ2 is the stress-bienergy tensor

associated to the bienergy functional.

Biconservative surfaces in S3 - Local and Global Results
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Local results
[1] If S2 is a biconservative surface in S3 with (∇f)(p) 6= 0 and

f(p) > 0 at any point p ∈ S2, then, locally, S2 ⊂ R4 can be
parametrized by

YC (k, v) =

√1 −
16

9C
k−3/2 cosµ(k),

√
1 −

16

9C
k−3/2 sinµ(k) ,

4 cos v

3
√
Ck3/4

,
4 sin v

3
√
Ck3/4

)
,

where (k, v) ∈ (k01, k02) × R, k01 and k02 are the solutions of

− 16
9 k

2 − 16k4 +Ck7/2 = 0, and µ(k) = ±
∫ k
k0
E(τ) dτ + c0 with

c0 ∈ R and k0 =
(

3
64C)2 ∈ (k01, k02

)
.

Global results
[2] A Riemannian surface (M2, g) with Gaussian curvature K
satisfying (∇K)(p) 6= 0 and 1 − K(p) > 0 at any point p ∈ M2

can be locally isometrically embedded in S3 as a biconservative
surface with (∇f)(p) 6= 0 and f(p) > 0 at any point p ∈ M2

if and only if (M2, g) is isometric to (DC , gC). Moreover, the
biconservative embedding is unique.

• (
DC, gC

)
=

(
(ξ01, ξ02) × R, 3

ξ2(−ξ8/3+3Cξ2−3)
dξ2 + 1

ξ2
dθ2

)
,

C ∈
(

4

33/2
,∞
)
and ξ01 and ξ02 are the positive vanishing

points of −ξ8/3 + 3Cξ2 − 3, with 0 < ξ01 < ξ02.

• YC = Y ±C,a : (DC , gC)→ S3 is biconservative,

YC (ξ, θ) =

(√
1 −

1

Cξ2
cos ζ(ξ),

√
1 −

1

Cξ2
sin ζ(ξ),

cos(
√
Cθ)

√
Cξ

,
sin(
√
Cθ)

√
Cξ

)
,

ζ(ξ) = ±
∫ ξ
ξ00

E(τ) dτ+a, with a ∈ R and ξ00 =
(

9
4C
)3/2;

• (DC , gC) is isometric to a surface of revolution in R3,

ZC(ξ, θ) =
(
f(ξ) cos

(√
Cθ
)
, f(ξ) sin

(√
Cθ
)
, h(ξ)

)
,

f(ξ) = 1√
Cξ

, h(ξ) = ±
∫ ξ
ξ00

E(τ) dτ + b, and b ∈ R.

Biconservative surfaces in R3 - Local and Global results

Local results
[1] If S2 is a biconservative surface of
revolution in R3 with (∇f)(p) 6= 0 and
f(p) > 0 at any point p ∈ S2 then, lo-
cally, the surface can be parametrized by

XC(ρ, v) = (ρ cos v, ρ sin v, uC(ρ)),

where

uC (ρ) =
3

2C

(
ρ
1/3

√
Cρ2/3 − 1 +

1
√
C
·

· ln
(√

Cρ
1/3

+

√
Cρ2/3 − 1

))

with C ∈ R∗+ and ρ ∈ (C−3/2,∞).

Global results
[2] If we consider the symmetry of

Graf uC , ρ ∈ (C−3/2,∞), with respect to
the Oρ axis, we get a smooth, complete,
biconservative surface S̃C in R3. More-
over, its mean curvature function f is pos-
itive and ∇f is di�erent from zero at any
point of an open dense subset of S̃C .
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