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Biconservative submanifolds and gener:

Let ¢ : (M™,9) — (N"™,h) be a smooth
map between two Riemannian manifolds.
Biharmonic maps are critical points of
the bienergy functional

A¥ = —tracey (VFVYP —VE) is
the rOLIl\gh Laplacian on sections of o " 'TN
and RV (X,Y)Z = V{VyZ-VyVYZ—
V&,Y]Z is the curvature on N.

Here, biconservative if and only if
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EV]H\ + 2trace Ag 1 () +

+2trace(R" (-, H)-) ' =0,
Definition 1 A submanifold M™ in N™,

i.e., p: M — N" Riemannian immer- bore AL is the Lavlacian in th l
sion, 1s called biconservative if Tg(go)T = 18 the Lapltacian in the norma

0. bundle.

1
B2 (¢) =5 [ Ir(@) v,
M
where 7(¢) = 71(¢) = trace,Vdyp; thus
they are solutions of Euler-Lagrange equa-
tion associated to Fo (also called bihar-
monic equation): Remark 1 A submanifold M™ in N" is
biconservative if and only if div S5 = 0,
where SI is the stress-bienergy tensor

associated to the bienergy functional.

Theorem 1 ([3]) A submanifold M™ in
a Riemannian manifold N, with sec-
ond fundamental form B, mean curvature
vector field H, and shape operator A, is

To(p) = —A¥7(p) — traceg RY (de, T(¢))de
= 0.

Biconservative surfaces in S° - Local an

7\

BICONSERVATIVE N
Ve = Ve,

- aying with the constant a and =+
¢ ISOMETRY N >
§o1 §o2 © §
Woe

/ Y

(D¢, gc)

.

ISOMETRY N

(M2>9) Zc = Zé’:,b

=+ 3
st, CR

if and only if (M?,g) is isometric to (D¢, gc). Moreover, the
biconservative embedding is unique.

Local results
[1] If S° is a biconservative surface in S® with (Vf)(p) # 0 and

f(p) > 0 at any point p &€ Sz, then, locally, S?2 c R* can be

parametrized by o 3 2 IR
D, — , R, d = do“ |,
(Dcs9c) (€01 €02) X £2(_¢8/3 1302 _3) &7 + £2
4 L] - L] L]
TR (\/1 16 e—3/2 cos (k). \/1 16 052 e C e (33/2 : oo) and &p1 and &£p2 are the positive vanishing
9C oC points of —¢8/3 4 3C¢2 — 3, with 0 < £o1 < &o2.
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o Yo = Yéc,a . (D¢, gc) — S° is biconservative,

1 1
YC(S,Q) — <\/1 - CSQ COSC(&),\/l - 052 sin (&),

cos(/C80) Siﬂ(\/@@))
vVCe  /Ce¢ )

where (k,v) € (koi,ko2) X R, ko1 and kg2 are the solutions of
—~16k2 _16k* + Ck™/? =0, and p(k) = + f,fo E(7) d7 + co with
co € R and kg = (%0)2 - (k‘()l,k()g).

C(&) =+ fsoo E(7t)dr+a, with a € R and g = (%C)S/Q;
e (D¢c,gc) is isometric to a surface of revolution in R?,
Za(¢,0) = (£(€) cos (VCO) , f(€)sin (VTO) ,h(€)) ,
, h(€) =+ ff E(t) dr + b, and b € R.

Global results

[2] A Riemannian surface (M?,g) with Gaussian curvature K
satisfying (VK)(p) # 0 and 1 — K(p) > 0 at any point p € M?
can be locally isometrically embedded in S° as a biconservative
surface with (Vf)(p) # 0 and f(p) > 0 at any point p € M?

(&) = &
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