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SEMINAR NR. 11, REZOLV¼ARI
EDCO, AIA

CALCUL OPERAŢIONAL
7: TRANSFORMATA LAPLACE

7:1: De�ni̧tii. Determinare de tranformat¼a Laplace (funçtie imagine) pentru o funçtie
original dat¼a, respectiv de funçtie original pentru o funçtie imagine dat¼a

Transformata Laplace se utilizeaz¼a în studiul proceselor aproape continue, în rezolvarea unor
ecuaţii şi sisteme de ecuaţii diferenţiale, integro-diferenţiale.
De�ni̧tia 7:1:1: O funçtie f : R! R (sau f : R! C) se numeşte funcţie original dac¼a:
(i) f (t) = 0;8t 2 ]�1; 0[ ;
(ii) pe orice interval m¼arginit, f are cel mult un num¼ar �nit de puncte de discontinuitate de spȩta
întâi (exist¼a limite laterale �nite);
(iii) f are o creştere de tip exponenţial, adic¼a 9M 2 R, M > 0, 9� 2 R, astfel încât
jf (t)j �Me�t;8t 2 ]0;+1[ :

Num¼arul real �f = inf
�
� 2 R; jf (t)j �Me�t;8t 2 ]0;+1[

	
se numeşte abscis¼a de convergenţ¼a sau

indice de creştere.
Se noteaz¼a cu O muļtimea tuturor funçtiilor original.

Exemplul 1: a) Funçtia � : R! R (sau � : R! C); � (t) =
�
0; dac¼a t < 0
1; dac¼a t � 0:

se numeşte funcţia treapta unitate (funcţia Heaviside):

� 2 O cu abscisa de convergenţ¼a �� = 0:
b) Dac¼a f veri�c¼a (ii) şi (iii) din De�ni̧tia 1 atunci funçtia f � � este funçtie original.
c) Dac¼a f : R! R este o funçtie elementar¼a, atunci f � � îndeplineşte (i) şi (ii). Dac¼a exist¼a � � 0
astfel încât lim

t!+1
f (t) e��t = 0; atunci este îndeplinit¼a şi condi̧tia (iii).

d) Fie f : R! R,f (t) = e�t (P (t) cos�t+Q (t) sin�t) ;
unde �; � 2 R, iar P;Q sunt polinoame. Atunci funçtia f � � este funçtie original.
e) Dac¼a f : R ! R (sau f : R ! C) este o funçtie continu¼a şi m¼arginit¼a (sau îndeplineşte (ii) şi
este m¼arginit¼a), atunci f � � este funçtie original cu abscisa de convergenţ¼a �f = 0:

Exerci̧tiul 1. S¼a se studieze dac¼a urm¼atoarele funçtii sunt funçtii original

a) f : R! R; f (t) =

8>><>>:
0; dac¼a t < 2;
2; dac¼a t 2 [2; 4] ;
4; dac¼a t 2 ]4; 8] ;
0; dac¼a t > 8:

; b) f : R! R; f (t) =

8<: 0; dac¼a t < 0
1

t+ 1
; dac¼a t � 0:



Gabriela Grosu / EDCO 2

c) f : R! R; f (t) = cos t2 � � (t); d) f : R! R; f (t) = et2 � � (t); e) f : R! R; f (t) = e�t2 � � (t).

Rezolvare. a) Fie f : R! R; f (t) =

8>><>>:
0; dac¼a t < 2;
2; dac¼a t 2 [2; 4] ;
4; dac¼a t 2 ]4; 8] ;
0; dac¼a t > 8:

Se reprezint¼a gra�c funçtia anterioar¼a.

t

f

Se observ¼a c¼a:
(i) f (t) = 0;8t 2 ]�1; 0[ ;
(ii) pe orice interval m¼arginit, f are cel mult un num¼ar �nit de puncte de discontinuitate, iar

în aceste puncte de discontinuitate exist¼a limite laterale �nite. Într-adev¼ar, t1 = 2; t2 = 4; t3 = 8
sunt singurele puncte de discontinuitate ale funçtiei f şi8<:

ls (2) = 0 şi ld (2) = 2;
ls (4) = 2 şi ld (4) = 4;
ls (8) = 4 şi ld (8) = 0:

(iii) f are o creştere de tip exponenţial, adic¼a 9M = 4 > 0, 9� = 0 2 R, astfel încât
jf (t)j � 4e0t;8t 2 ]0;+1[ :

Atunci f 2 O, cu abscisa de convergenţ¼a �f = 0:

b) Fie f : R! R; f (t) =

8<: 0; dac¼a t < 0
1

t+ 1
; dac¼a t � 0:

Se reprezint¼a gra�c funçtia anterioar¼a.

t

f

Se observ¼a c¼a:
(i) f (t) = 0;8t 2 ]�1; 0[ ;
(ii) pe orice interval m¼arginit, f are cel mult un num¼ar �nit de puncte de discontinuitate, iar în

aceste puncte de discontinuitate exist¼a limite laterale �nite. Într-adev¼ar, t1 = 0 este singurul punct
de discontinuitate al funçtiei f şi

ls (0) = 0 şi ld (0) = lim
t!0;t>0

1

t+ 1
= 1:

(iii) f are o creştere de tip exponenţial, adic¼a 9M = 1 > 0, 9� = 0 2 R, astfel încât
jf (t)j � 1e0t;8t 2 ]0;+1[ :
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Atunci f 2 O, cu abscisa de convergenţ¼a �f = 0:
c) Analog cu b)) f 2 O; d) Nu se veri�c¼a (iii)) f =2 O; e) Analog cu b)) f 2 O.

t

f

t

f

t

f

De�ni̧tia 2: Fie f 2 O o funçtie original cu abscisa de convergenţ¼a �f : FieD = fs 2 C; Re s > �fg :
Funçtia

F : D ! C; F (s) =
Z +1

0
e�stf (t) dt

se numeşte transformata Laplace a funcţiei f sau imaginea funcţiei f prin transformata Laplace.
Se noteaz¼a

F (s) = Lff (t)g (s) : , chiar f (t) ! F (s) :

Observa̧tia 2 (Teorema fundamental¼a a transformatei Laplace). Dac¼a f 2 O este o funçtie
original cu abscisa de convergenţ¼a �f ; atunci integrala improprie pe interval nem¼arginit, cu para-
metrul s 2 D; din De�ni̧tia 2; este absolut convergent¼a şi uniform convergent¼a pe D, deci transfor-
mata Laplace f este bine de�nit¼a. Mai mult, este continu¼a şi m¼arginit¼a, cu

lim
jsj!1

F (s) = 0:

Exerci̧tiul 2. Utilizând de�ni̧tia, s¼a se determine transformata Laplace pentru:

a) f : R! R; f (t) =

8<:
0; dac¼a t < 0;
t2; dac¼a 0 � t � 1;
0; dac¼a t > 1:

; b)
 f : R! R; f (t) =
�

0; dac¼a t < 1
(t� 1)n ; dac¼a t � 1;

unde n 2 N� este dat.
c) � : R! R; � (t) =

�
0; dac¼a t < 0
1; dac¼a t � 0; ; d) �a : R! R; �a (t) = � (t� a) =

�
0; dac¼a t < a
1; dac¼a t � a;

unde a > 0 este dat.
e) f : R! R; f (t) = e�t � � (t), unde � 2 R;.(f : R! C, pentru � 2 C);
f) f : R! R; f (t) = (ch!t) � � (t), unde ! 2 R; ! > 0; (f : R! C, pentru ! 2 C�);
g) f : R! R; f (t) = (sh!t) � � (t), unde ! 2 R; ! > 0; (f : R! C, pentru ! 2 C�);
h) f : R! R; f (t) = (cos!t) � � (t), unde ! 2 R; ! > 0; (f : R! C, pentru ! 2 C�);
i) f : R! R; f (t) = (sin!t) � � (t), unde ! 2 R; ! > 0; (f : R! C, pentru ! 2 C�);
j) f : R! R; f (t) = tn � � (t).

Rezolvare. a) Fie f : R! R; f (t) =

8<:
0; dac¼a t < 0;
t2; dac¼a 0 � t � 1;
0; dac¼a t > 1:
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t

f

�Se observ¼a c¼a f 2 O, cu abscisa de convergenţ¼a �f = 0:
�D = fs 2 C; Re s > 0g : Se calculeaz¼a

F (s) =

Z +1

0
e�stf (t) dt =

Z 1

0
e�stt2dt:

I (t; c) =
Z
e�stt2dt

t este variabil¼a
=

de integrare

1

�s

Z
t2
d

dt

�
e�st

�
dt =

1

�s

�
t2e�st �

Z
2te�stdt

�
=

=
1

�s

�
t2e�st � 1

�s

Z
2t
d

dt

�
e�st

�
dt

�
=

1

�st
2e�st �

�
1

�s

�2�
2te�st �

Z
2e�stdt

�
=

=
1

�st
2e�st �

�
1

�s

�2�
2te�st � 2e

�st

�s

�
+ c =

1

s3
�
�s2t2e�st � 2ste�st � 2e�st

�
+ c;

pentru 8t 2 [0; 1] ;8c 2 R;8s 2 D: AtunciZ 1

0
e�stt2dt = I (t; 0)jt=1t=0 =

1

s3
�
�s2e�s � 2se�s � 2e�s + 2

�
:

Deci F : D ! C; F (s) =
1

s3
�
�s2e�s � 2se�s � 2e�s + 2

�
:

b) Fie n 2 N� �xat. Fie f : R! R; f (t) =
�

0; dac¼a t < 1
(t� 1)n dac¼a t � 1:

�Se observ¼a c¼a f 2 O:
�D = fs 2 C; Re s > �fg :
Se calculeaz¼a

F (s) =

Z +1

0
e�stf (t) dt =

Z +1

1
e�st (t� 1)n dt:

I0 (t; c) =
Z
e�stdt =

e�st

�s + c:

I1 (t; c) =
Z
e�st (t� 1) dt = 1

�s

Z
(t� 1) d

dt

�
e�st

�
dt =

=
1

�s

�
(t� 1) e�st �

Z
e�stdt

�
=

1

�s

�
(t� 1) e�st � e

�st

�s

�
+ c:

:::

In (t; c) =
Z
e�st (t� 1)n dt t este variabil¼a=

de integrare

1

�s

Z
(t� 1)n d

dt

�
e�st

�
dt =

=
1

�s

�
(t� 1)n e�st �

Z
n (t� 1)n�1 e�stdt

�
=

1

�s (t� 1)
n e�st � 1

�snIn�1 (t; c) ;

8t 2 [1;+1[ ;8c 2 R;8s 2 D;8n 2 N�:
Se obţine

In (t; c) =
�
1

�s

�1
(t� 1)n e�st�

�
1

�s

�2
n (t� 1)n�1 e�st+

�
1

�s

�3
n (n� 1) (n� 2) (t� 1)n�2 e�st+

+:::
Atunci
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F (s) =

Z +1

0
e�stf (t) dt =

Z +1

1
e�st (t� 1)n dt = In (t; 0)jt!+1t=1

= 0�
�
�1
s

�n+1
n!e�s;

8t 2 [0; 1] ;8s 2 D:

Deci, pentru n 2 N�; F : D ! C, F (s) =
�
�1
s

�n
n!e�s:

c) Fie � : R! R; � (t) =
�
0; dac¼a t < 0
1; dac¼a t � 0 -a se vedea Curs:

Lf� (t)g (s) = 1

s sau f (t) = � (t)) F (s) =
1

s
:

d) Se obţine, cu de�ni̧tia, pentru a > 0 dat

Lf� (t� a)g (s) = e�as

s sau f (t) = � (t� a)) F (s) =
e�as

s
:

e) Fie f : R! R; f (t) = e�t � � (t), unde � 2 R ( f : R! C, pentru � 2 C): A se vedea Curs:
L
�
e�t � � (t)

	
(s) =

1

s� � sau f (t) = e�t � � (t)) F (s) =
1

s� �:

f), g) analog cu e). Se obţine

Lf(ch!t) � � (t)g (s) = s

s2 � !2 ;Lf(sh!t) � � (t)g (s) =
!

s2 � !2 :

h) Fie f : R! R; f (t) = (cos!t) � � (t) :
�Se observ¼a c¼a f 2 O, cu abscisa de convergenţ¼a �f = 0
�D = fs 2 C; Re s > 0g : Se calculeaz¼a

F (s) =

Z +1

0
e�stf (t) dt =

Z +1

0
e�st cos (!t) dt:

I (t; c) =
R
e�st cos (!t) dt

t este variabil¼a
=

de integrare

1

s2 + !
e�st (! sin (!t)� s cos (!t)) + c;

8t 2 [0;+1[ ;8c 2 R;8s 2 D: AtunciZ +1

0
e�st cos!tdt = I (t; 0)jt!+1t=0 = 0� �s

s2 + !2
:

Deci F : D ! C; F (s) =
s

s2 + !2
: Se scrie

Lf(cos!t) � � (t)g (s) = s

s2 + !2 sau f (t) = (cos!t) � � (t)) F (s) =
s

s2 + !2
:

i) analog cu h). Se obţine
Lf(sin!t) � � (t)g (s) = !

s2 + !2 sau f (t) = (sin!t) � � (t)) F (s) =
!

s2 + !2
:

Teorema 1 (de liniaritate). Transformata Laplace este o funcţie liniar¼a, adic¼a
8f; g 2 O;8�; � 2 C:
Lf�f (t) + �g (t)g (s) = �Lff (t)g (s) + �Lfg (t)g (s) ; 8s 2 C cu Re s > max f�f ; �gg :

Observa̧tia 2: Transformatele Laplace pentru
f (t) = (ch!t) � � (t) ; f (t) = (sh!t) � � (t) ; f (t) = (cos!t) � � (t) ; f (t) = (sin!t) � � (t)

se pot determina folosind Teorema 1 şi L
�
e�t � � (t)

	
(s) =

1

s� �: A se vedea Curs.

Exerci̧tiul 3. Utilizând Teorema 1; de liniaritate, s¼a se determine transformata Laplace pentru :
a) f : R! R; f (t) = (sin t)2 � � (t); b) f : R! R; f (t) = (sin t)3 � � (t);
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t

f

t

f

c) f : R! R; f (t) =
eat � ebt

2
� � (t).

Rezolvare. a) L
n
(sin t)2 � � (t)

o
(s) = L

�
1� cos 2t

2
� � (t)

�
(s) =

T1; de lin
=

1

2
Lf� (t)g (s)� 1

2
Lf(cos (2t)) � � (t)g (s) = 1

2
� 1
s
� 1
2
� s

s2 + 22
=
1

2
� 4

s2 + 22
:

b) L
n
(sin t)3 � � (t)

o
(s) = L

�
3 sin t� sin (3t)

4
� � (t)

�
(s) =

T1; de lin
=

3

4
Lf(sin t) � (t)g (s)� 1

4
Lf(sin (3t)) � � (t)g (s) = 3

4
� 1

s2 + 12
� 1
4
� 3

s2 + 32
:

c) L
�
eat � ebt

2
� � (t)

�
(s) = L

�
1� cos 2t

2
� � (t)

�
(s) =

T1; de lin
=

1

2
L
�
eat� (t)

	
(s)� 1

2
L
�
ebt� (t)

	
(s) =

1

2
� 1

s� a �
1

2
� 1

s� b :
Teorema 2 (a asem¼an¼arii, comportarea la omotetie). Fie f 2 O cu �f abscisa de convergenţ¼a
şi F (s) = Lff (t)g (s). Atunci, 8! 2 R; ! > 0

Lff (!t)g (s) = 1

!
F
� s
!

�
; 8s 2 C cu Re s > �f :

Observa̧tia 3: Transformatele Laplace pentru
a) f (t) = (ch!t) � � (t) ; b) f (t) = (sh!t) � � (t) ;
c) f (t) = (cos!t) � � (t) ; d) f (t) = (sin!t) � � (t)
se pot determina folosind Teorema 2 şi transformatele funçtiilor f cu ! = 1: A se vedea Curs.
Teorema 3 (a deplas¼arii, frequency-shift). Fie f 2 O cu �f abscisa de convergenţ¼a şi F (s) =
Lff (t)g (s). Atunci, 8� 2 C;
L
�
e��tf (t)

	
(s) = F (s+ �) ; 8s 2 C cu Re s > �f � Re�:

Exerci̧tiul 4: Utilizând teorema deplas¼arii , s¼a se determine transformata Laplace pentru :
a) f : R! R; f (t) = e��t (ch (!t)) � � (t) ; � 2 C; ! 2 R; ! > 0;
b) f : R! R; f (t) = e��t (sh (!t)) � � (t) ; � 2 C; ! 2 R; ! > 0;
c) f : R! R; f (t) = e��t (cos (!t)) � � (t) ; � 2 C; ! 2 R; ! > 0;
d) f : R! R; f (t) = e��t (sin (!t)) � � (t) ; � 2 C; ! 2 R; ! > 0;
(rezultatele sunt valabile şi pentru f : R! C; dac¼a ! 2 R?);
e) f : R! R; f (t) = e�2t (sin (3t)) � � (t) ;
f) f : R! R; f (t) = e��ttn � � (t) ; � 2 C; n 2 N�.
Rezolvare (schi̧t¼a).
a) ef (t) = (ch (!t)) � � (t)) eF (s) = Lf(ch (!t)) � � (t)g (s) = s

s2 � !2 )

L
�
e��t (ch (!t)) � � (t)

	
(s) = eF (s+ �) = s+ �

(s+ �)2 � !2
:
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b) ef (t) = (sh (!t)) � � (t)) eF (s) = Lf(sh (!t)) � � (t)g (s) = !

s2 � !2 )

L
�
e��t (sh (!t)) � � (t)

	
(s) = eF (s+ �) = !

(s+ �)2 � !2
:

c) ef (t) = (cos (!t)) � � (t)) eF (s) = Lf(cos (!t)) � � (t)g (s) = s

s2 + !2
)

L
�
e��t (cos (!t)) � � (t)

	
(s) = eF (s+ �) = s+ �

(s+ �)2 + !2
:

d) ef (t) = (sin (!t)) � � (t)) eF (s) = Lf(sin (!t)) � � (t)g (s) = !

s2 + !2
)

L
�
e��t (sin (!t)) � � (t)

	
(s) = eF (s+ �) = !

(s+ �)2 + !2
:

e) ef (t) = (sin (3t)) � � (t)) eF (s) = Lf(sin (3t)) � � (t)g (s) = 3

s2 + 32
)

L
�
e�2t (sin (3t)) � � (t)

	
(s) = eF (s+ 2) = 3

(s+ 2)2 + 32
:

t

f

)

t

f

Teorema 4 (a întârzierii argumentului, comportarea la transla̧tie, positive time-shift.).
Fie f 2 O cu �f abscisa de convergenţ¼a şi F (s) = Lff (t)g (s). Atunci, 8t0 2 R; t0 > 0;
Lff (t� t0)g (s) = e�t0sF (s) ; 8s 2 C cu Re s > �f :

Exerci̧tiul 5: Utilizând teorema întârzierii argumentului, s¼a se determine transformata Laplace
pentru :
a) f : R! R; f (t) =

�
sin
�
t� �

12

��
� � (t); b) f : R! R; f (t) = e7t�14 � � (t).

Rezolvare.
a) ef (t) = (sin t) � � (t)) eF (s) = Lf(sin t) � � (t)g (s) = 1

s2 + 1
)

L
��
sin
�
t� �

12

��
� � (t)

	
(s) = e�t0s eF (s) = e� �

12
s 1

s2 + 1
:

t

f

)

t

f

b) ef (t) = e7t � � (t)) eF (s) = L�e7t � � (t)	 (s) = 1

s� 7 )

L
�
e7(t�2) � � (t)

	
(s) = e�t0s eF (s) = e�2s 1

s� 7 :
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t

f

)

t

f

Teorema 5 (de periodicitate). Fie f 2 O cu �f abscisa de convergenţ¼a şi F (s) = Lff (t)g (s).
Dac¼a f este funcţie periodic¼a pentru t � 0, de perioad¼a T > 0; atunci

Lff (t)g (s) = 1

1� e�sT
Z T

0
e�stf (t) dt; 8s 2 C cu Re s > �f :

Exerci̧tiul 6: Utilizând teorema de periodicitate, s¼a se determine transformata Laplace pentru :

a) f : R! R; f (t) =
�

0; dac¼a t < 0
jsin tj ; dac¼a t � 0: ; b) f : R! R; f (t) = ftg :

t

f

t

f

Rezolvare. a) Se observ¼a c¼a f este funçtie original şi periodic¼a pentru t � 0, cu T = �:
Lff (t)g (s) = 1

1� e�s�
Z �

0
e�stf (t) dt =

1

1� e�s�
Z �

0
e�st sin tdt:

Dar
Z
e�st sin tdt =

1

s2 + 1
e�st (� cos t� s sin t) + c)

Lff (t)g (s) = 1

1� e�s�

�
1

s2 + 1
e�s� � 1� 1

s2 + 1
1 (�1)

�
=

1

s2 + 1

1 + e�s�

1� e�s� :

b) Se observ¼a (a se vedea Curs) c¼a f este funçtie original şi periodic¼a pentru t � 0, cu T = 1:

Lff (t)g (s) = 1

1� e�s�1
Z 1

0
e�sttdt =

1

1� es�
Z 1

0
e�sttdt

=
1

1� e�s

 
�1
s
te�st

����t=1
t=0

� 1

s2
e�st

����t=1
t=0

!
=

1

1� e�s

�
�1
s
e�s � 1

s2
e�s +

1

s2

�
:

Teorema 6 (de derivare a originalului, imaginea derivatei originalului).
a) Fie f o funcţie continu¼a pentru t > 0 astfel încât f 2 O cu �f abscisa de convergenţ¼a şi
F (s) = Lff (t)g (s). Se presupune c¼a 9f 0 peste tot, eventual cu excepţia originii, şi f 0 2 O cu �f 0
abscisa de convergenţ¼a. Se noteaz¼a f (0+) = lim

t!0;t>0
f (t) : Atunci

Lff 0 (t)g (s) = sF (s)� f (0+) ; 8s 2 C cu Re s > max
�
�f ; �f 0

	
:

b) Fie f o funcţie continu¼a pentru t > 0 astfel încât f 2 O cu �f abscisa de convergenţ¼a şi
F (s) = Lff (t)g (s) : Se presupune c¼a f este de n ori derivabil¼a, f 0; :::; f (n) 2 O cu �f 0 ; :::; �f (n)
abscise de convergenţ¼a şi cu f 0; :::; f (n�1) continue pentru t > 0: Se noteaz¼a f (0+) = lim

t!0;t>0
f (t),...,
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f (n�1) (0+) = lim
t!0;t>0

f (n�1) (t) : Atunci, 8n 2 N�;

L
�
f (n) (t)

	
(s) = snF (s)�

�
sn�1f (0+) + sn�2f 0 (0+) + :::+ sf (n�2) (0+) + f (n�1) (0+)

�
;

8s 2 C cu Re s > max
n
�f ; �f 0 ; :::; �f (n)

o
:


Exerci̧tiul 7: Fie f : R! R; f (t) =

8<:
0; dac¼a t < 0
2t; dac¼a 0 � t � 1
0; dac¼a t > 1

a) S¼a se calculeze Lff (t)g;
b) S¼a se calculeze Lff 0 (t)g;
c) Se poate aplica formula Lff 0 (t)g (s) = sF (s)� f (0+)? Justi�care.
Rezolvare. A se vedea Curs.

Teorema 7 (de derivare a imaginii). Fie f 2 O cu �f abscisa de convergenţ¼a şi F (s) =
Lff (t)g (s). Atunci
a) Lf(�t) f (t)g (s) = F 0 (s) ; 8s 2 C cu Re s > �f :

b) 8n 2 N�; Lf(�t)n f (t)g (s) = F (n) (s) ; 8s 2 C cu Re s > �f :

Exerci̧tiul 8: Utilizând teorema de derivare a imaginii, s¼a se determine transformata Laplace
pentru :
a) f : R! R; f (t) = �te�t � � (t) ; � 2 C;b) f : R! R; f (t) = tne�t � � (t) ; n 2 N�;
c) f : R! R; f (t) = t (ch (!t)) � � (t) ;d) f : R! R; f (t) = t (sh (!t)) � � (t) ;
e) f : R! R; f (t) = t (cos (!t)) � � (t) ;f) f : R! R; f (t) = t (sin (!t)) � � (t) ;
g) f : R! R; f (t) = t2 (sin 2t) (cos 3t) � � (t); h) f : R! R; f (t) = t2 (cos 3t) � � (t);
i) f : R! R; f (t) = t (sin 4t) � � (t); j) f : R! R; f (t) = t2e2t (sin t) � � (t);
k) f : R! R; f (t) = tet (cos t) � � (t).
Rezolvare. a), b) A se vedea Curs

L
�
tne�t � � (t)

	
(s) =

n!

(s� �)n+1
: În particular, Lftn � � (t)g (s) = n!

sn+1
:

c) ef (t) = ch (!t) � � (t)) eF (s) = Lfch (!t) � � (t)g (s) = s

s2 � !2 )

Lft (ch (!t)) � � (t)g (s) T1;de lin= (�1)Lf(�t) ch (!t) � � (t)g (s) =

= (�1) eF 0 (s) = (�1) d
ds

�
s

s2 � !2

�
= (�1)

1
�
s2 � !2

�
� s � 2s

(s2 � !2)2
=

s2 + !2

(s2 � !2)2
:

Lft (ch (!t)) � � (t)g (s) = s2 + !2

(s2 � !2)2
;Lft (sh (!t)) � � (t)g (s) = 2s!

(s2 � !2)2

Lft (cos (!t)) � � (t)g (s) = s2 � !2

(s2 + !2)2
;Lft (sin (!t)) � � (t)g (s) = 2s!

(s2 + !2)2
:

Se poate ar¼ata şi c¼a

Lftn (ch (!t)) � � (t)g (s) = (�1)n d
n

dsn

�
s

s2 � !2

�
;Lftn (sh (!t)) � � (t)g (s) = (�1)n d

n

dsn

�
!

s2 � !2

�
:

Lft (cos (!t)) � � (t)g (s) = (�1)n d
n

dsn

�
s

s2 + !2

�
;Lftn (sin (!t)) � � (t)g (s) = (�1)n d

n

dsn

�
!

s2 + !2

�
:

d), e), f) analog cu c)
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g) Deoarece ef (t) = sin (!t) � � (t)) eF (s) = Lfsin (!t) � � (t)g (s) = !

s2 + !2
; atunci

L
�
t2 (sin 2t) (cos 3t) � � (t)

	
(s) = L

�
t2
sin 5t+ sin (�t)

2
� � (t)

�
(s) =

T1;de lin
=

1

2
L
n
(�t)2 (sin 5t) � � (t)

o
(s)� 1

2
L
n
(�t)2 (sin t) � � (t)

o
(s) =

T7;de derivare a imaginii
=

1

2

�
5

s2 + 52

�00s
� 1
2

�
1

s2 + 12

�00s
=

=
1

2

�
�5 � 2s
(s2 + 52)2

�0
� 1
2

�
�1 � 2s
(s2 + 12)2

�0
=

= �5
 �
s2 + 52

�
� s � 2 � 2s

(s2 + 52)3

!
+

 �
s2 + 12

�
� s � 2 � 2s

(s2 + 12)3

!
= �5�3s

2 + 52

(s2 + 52)3
+
�3s2 + 12

(s2 + 12)3
:

t

f

)

t

f

Analog

L
�
t2 (cos 3t) � � (t)

	
(s)

T7;de derivare a imaginii
=

�
s

s2 + 32

�00
=
2s3 � 54s
(s2 + 9)3

:

t

f

)

t

f

Lft (sin 4t) � � (t)g (s) T7;de derivare a imaginii= �
�

4

s2 + 42

�0
=

8s

(s2 + 16)2
:

t

f

)

t

f

L
�
t2e2t (sin t) � � (t)

	
(s)

T7;de derivare a imaginii
=

�
1

(s� 2)2 + 1

�00
= 2

(s� 2)2 � 1
((s� 2)2 + 1)3

:



Gabriela Grosu / EDCO 11

L
�
tet (cos t) � � (t)

	
(s)

T7;de derivare a imaginii
= �

�
s� 1

(s� 1)2 + 1

�0
=

s2 � 2s
((s� 1)2 + 1)2

:

Teorema 8 (de integrare a imaginii). Fie f 2 O cu �f abscisa de convergenţ¼a şi F (s) =

Lff (t)g (s). Fie g : R ! R (sau g : R ! C) de�nit¼a prin g (t) =
f (t)

t
;8t 2 R�: Dac¼a g 2 O cu

�g abscisa de convergenţ¼a, atunci

L
�
f (t)

t

�
(s) =

Z +1

s
F (p) dp; 8s 2 C cu Re s > max f�f ; �gg :

Exerci̧tiul 9: Utilizând teorema de integrare a imaginii, s¼a se determine transformata Laplace
pentru :

a) f : R! R; f (t) =
sin t

t
� � (t) :

t

f

)

t

f

Rezolvare. Deoarece ef (t) = sin t � � (t)) eF (s) = Lfsin t � � (t)g (s) = 1

s2 + 1
;atunci

L
�
sin t

t
� � (t)

�
(s)

T8
=

Z +1

s

eF (p) dp = Z +1

s

1

p2 + 1
dp = arctg pjp!+1p=s = �

2 � arctg s:

b) f : R! R; f (t) =
cos at� cos bt

t
� � (t) ;8a; b 2 R

Rezolvare. Deoareceef (t) = (cos at� cos bt) � � (t)) eF (s) = Lf(cos at� cos bt) � � (t)g (s) = s

s2 + a2
� s

s2 + b2
;

atunci

L
�
cos at� cos bt

t
� � (t)

�
(s)

T8
=

Z +1

s

eF (p) dp = Z +1

s

�
p

p2 + a2
� p

p2 + b2

�
dp

= 1
2 ln

p2 + a2

p2 + b2

����p!+1
p=s

= �12 ln
s2 + a2

s2 + b2
:

Teorema 9 (de integrare a originalului, imaginea originalului integrat). Fie f 2 O cu �f
abscisa de convergenţ¼a şi F (s) = Lff (t)g (s). Atunci, f¼ar¼a a scrie " �� (t)",

a) L
�Z t

0
f (�) d�

�
(s) =

1

s
F (s) ; 8s 2 C cu Re s > �f :

b) 8n 2 N�; L

8>><>>:
Z t

0

0@Z �1

0

�
:::

Z �n�1

0
f (�n) d�n

�
| {z } d�2

1A
| {z }

d�1

9>>=>>; (s) =
1

sn
F (s) ; 8s 2 C cu Re s > �f :

Exerci̧tiul 10. Utilizând teorema de integrare a originalului, s¼a se determine transformata Laplace
pentru :

a) f : R! R; f (t) =
�Z t

0

sin �

�
d�

�
� � (t) ;
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Rezolvare. Deoarece ef (t) = sin �

�
� � (t)) eF (s) = L�sin �

�
� � (t)

�
(s) = �

2 � arctg s; atunci

L
��Z t

0

sin �

�
d�

�
� � (t)

�
(s)

T9
=
1

s
eF (s) = 1

s

�
�
2 � arctg s

�
;

b) f : R! R; f (t) =
�Z t

0
�4e�2�d�

�
� � (t) ;

Rezolvare. Deoarece ef (t) = t4e�2t � � (t)) eF (s) = L�t4e�2t � � (t)	 (s) = 4!

(s+ 2)5
; atunci

L
��Z t

0
�4e�2�d�

�
� � (t)

�
(s)

T9
=
1

s
eF (s) = 1

s

4!

(s+ 2)5
;

c) f : R! R; f (t) =
�Z t

0
e3� sin 2�d�

�
� � (t) ;

Rezolvare. Deoarece ef (t) = e3t sin 2t � � (t) ) eF (s) = L�e3t sin 2t � � (t)	 (s) = 2

(s� 3)2 + 22
;

atunci

L
��Z t

0
e3� sin 2�d�

�
� � (t)

�
(s)

T9
=
1

s
eF (s) = 1

s

2

(s� 3)2 + 22
;

De�ni̧tia 4: Fie f; g 2 O funçtii original: Funçtia f � g : R! R (sau f � g : R! C); de�nit¼a prin

(f � g) (t) =

8<:
0; dac¼a t < 0Z t

0
f (�) g (t� �) d�; dac¼a t � 0

se numeşte produs de convoluţie a funcţiilor original f şi g, şi se noteaz¼a f � g:
Teorema 10 (Borel, a imaginii produsului de convoluţie a dou¼a funçtii original). Fie
f 2 O o funçtie original cu abscisa de convergenţ¼a �f şi F (s) = Lff (t)g (s), respectiv g 2 O o
funçtie original cu abscisa de convergenţ¼a �g şi G (s) = Lfg (t)g (s) : Atunci f � g 2 O şi
Lff � gg (s) = F (s) �G (s) ; pentru 8s 2 C cu Re s > max

n
sf0 ; s

g
0

o
:

Se scrie, prin convenţie, şi

L
��Z t

0
f (�) g (t� �) d�

�
� � (t)

�
(s) = Lff (t)g (s) � L fg (t)g (s) :

Exerci̧tiul 11. a) Fie f : R ! R; f (t) = sin t � � (t) : S¼a se determine f � f: S¼a se determine
Lff � fg :
Rezolvare. �Pentru t � 0;

(f � f) (t) =
Z t

0
f (�) f (t� �) d� =

Z t

0
sin � � sin (t� �) d� =

=

Z t

0

cos (� � (t� �))� cos (� + (t� �))
2

d� =
1

2

Z t

0
(cos (2� � t)� cos t) d� � var. de integrare=

=
1

2

�
sin(2��t)

2 � (cos t) � �
�����=t
�=0

=
1

2

�
sin t
2 � (cos t) � t�

� sin t
2 + 0

�
=
1

2
(sin t� t cos t) :
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t

f

)

t

f

�Folosind Teorema Borel, se obţine imediat:
Lf(f � f) (t)g (s) = Lff (t)g (s)�L ff (t)g (s) = 1

s2 + 1
� 1

s2 + 1
:b) Fie f : R! R; f (t) = t�� (t) :

Fie f : R! R; f (t) = sin t � � (t) :
S¼a se determine f � g; S¼a se determine Lff � gg :
Rezolvare. �Pentru t � 0;

(f � g) (t) =
Z t

0
f (�) g (t� �) d� =

Z t

0
� � sin (t� �) d� =

=

Z t

0
� � dd� (cos (t� �)) d�

� var. de integrare
= (� � cos (t� �))j�=t�=0 �

Z t

0
1 � cos (t� �) d� =

= (t � cos 0� 0)� (� sin (t� �))j�=t�=0 = t� sin t

t

f

şi

t

f

)

t

f

�Folosind Tabelul pentru produsul de convoluţie calculat:
Lf(f � g) (t)g (s) = Lf(t� sin t) � � (t)g (s) = 1

s2
� 1

s2 + 1
�Folosind Teorema Borel se obţine imediat:
Lf(f � g) (t)g (s) = Lff (t)g (s) � L fg (t)g (s) = 1

s2
� 1

s2 + 1
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TRANSFORMATA LAPLACE
f (t) -funçtia original F (s) = Lff (t)g (s)-funçtia imagine

1. � (t) -distribuţia Dirac (impuls unitar) 1

2. � (t) =

�
0; dac¼a t < 0
1; dac¼a t � 0;

1

s
;Re s > 0

3. e�t � � (t) ; � 2 C 1

s� �;Re s > Re�

4. ch (!t) � � (t) ; ! 2 R; ! > 0 s

s2 � !2 ;Re s > 0

5. sh (!t) � � (t) ; ! 2 R; ! > 0 !

s2 � !2 ;Re s > 0

6. cos (!t) � � (t) ; ! 2 R; ! > 0 s

s2 + !2
;Re s > 0

7. sin (!t) � � (t) ; ! 2 R; ! > 0 !

s2 + !2
;Re s > 0

8. e��t � ch (!t) � � (t) ; � 2 C s+ �

(s+ �)2 � !2
;Re s > �Re�

9. e��t � sh (!t) � � (t) ; � 2 C !

(s+ �)2 � !2
;Re s > �Re�

10. e��t � cos (!t) � � (t) ; � 2 C s+ �

(s+ �)2 + !2
;Re s > �Re�

11. e��t � sin (!t) � � (t) ; � 2 C !

(s+ �)2 + !2
;Re s > �Re�

12. tn � e�t � � (t) ; � 2 C; n 2 N� n!

(s� �)n+1
;Re s > Re�

13. tn � � (t) ; n 2 N� n!

sn+1
;Re s > 0

14. t � ch (!t) � � (t) ; ! 2 R; ! > 0 s2 + !2

(s2 � !2)2
;Re s > 0

15. t � sh (!t) � � (t) ; ! 2 R; ! > 0 2s!

(s2 � !2)2
;Re s > 0

16. t � cos (!t) � � (t) ; ! 2 R; ! > 0 s2 � !2

(s2 + !2)2
;Re s > 0

17. t � sin (!t) � � (t) ; ! 2 R; ! > 0 2s!

(s2 + !2)2
;Re s > 0

18. ef (t� t0) e�t0s eF (s)
19.

8<:
0; t < 0Z t

0

ef (�) eg (t� �) d�; t � 0
eF (s) � eG (s)
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Exerci̧tiul 12. S¼a se determine funçtiile original pentru :

a) F (s) =
1

s+ 3
; b) F (s) =

1

2s+ 3
; c) F (s) =

3s+ 2

s2 + 16
;d) F (s) =

6s+ 7

s2 � 25; e) F (s) =
e�s

s+ 2
;

f) F (s) =
1

s2 + 4s+ 13
;g) F (s) =

1

s(s+ 1)(s2 + 1)
; h) F (s) =

1

s2 � 3s+ 2;

i) F (s) =
s

s4 + 5s2 + 4
; j) F (s) =

1

s4 � s2 ; k) F (s) =
s3

s4 � 1;

l) F (s) =
s2 + 1

(s+ 1)3
; m) F (s) =

2s� 1
s4 � 1 ; n) F (s) =

s2 + 1

s4 + s3 + s+ 1
;

o) F (s) =
s3 + 1

s2 (s2 + 1)
; p) F (s) =

1

(s2 + 1)2
.

Rezolvare. Se caut¼a f (t) =? funçtie original astfel încât F (s) = Lff (t)g (s) :
a) F (s) =

1

s+ 3

tabel) f (t) = e�3t � � (t) :

b) F (s) =
1

2s+ 3
=
1

2

1

s+ 3
2

tabel
=

1

2
L
n
e�

3
2
t � � (t)

o
(s)

T1;lin
= L

�
1

2
e�

3
2
t � � (t)

�
(s)

) f (t) =
1

2
e�

3
2
t � � (t) :

c) F (s) =
3s+ 2

s2 + 16
= 3

s

s2 + 42
+ 2

1

4

4

s2 + 42
tabel
=

= 3Lf(cos 4t) � � (t)g (s)+1
2
Lf(sin 4t) � � (t)g (s) T1;lin= L

�
3 (cos 4t) � � (t) + 1

2
(sin 4t) � � (t)

�
(s)

) f (t) =

�
3 cos 4t+

1

2
sin 4t

�
� � (t) :

d) F (s) =
6s+ 7

s2 � 25 = 6
s

s2 � 52 + 7
1

5

5

s2 � 52
tabel
=

= 6Lf(ch 5t) � � (t)g (s)+7
5
Lf(sh 5t) � � (t)g (s) T1;lin= L

�
6 (ch 5t) � � (t) + 7

5
(sh 5t) � � (t)

�
(s)

) f (t) =

�
6 ch 5t+

7

5
sh 5t

�
� � (t) :

e) F (s) =
e�s

s+ 2
;

eF (s) = 1

s+ 2

tabel) ef (t) = e�2t � � (t) : Atunci
F (s) = e�1�s

1

s+ 2
= e�1�s eF (s) tabel

=
sau T4, a întârzierii

L
n ef (t� 1)o (s) = L�e�2(t�1) � � (t� 1)	 (s)

) f (t) = e�2(t�1) � � (t� 1) :
f) F (s) =

1

s2 + 4s+ 13
;

F (s) =
1

(s+ 2)2 + 32
= 1

3

3

(s+ 2)2 + 32
tabel
=

sau T3, a deplas¼arii

1
3L
�
e�2t sin (3t) � � (t)

	
(s) :

g) F (s) =
1

s(s+ 1)(s2 + 1)
;

Se descompune F în fraçtii din tabel (chiar simple) )
F (s) =

1

s
� 1
2

1

s+ 1
� 1
2

s

s2 + 1
� 1
2

1

s2 + 1

tabel)

F (s) = Lf� (t)g (s)� 1
2
L
�
e�t � � (t)

	
(s)� 1

2
Lf(cos t) � � (t)g (s)� 1

2
Lf(sin t) � � (t)g (s) =
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T1;lin
= L

�
� (t)� 1

2
e�t � � (t)� 1

2
(cos t) � � (t)� 1

2
(sin t) � � (t)

�
(s)

) f (t) =

�
1� 1

2
e�t � 1

2
cos t� 1

2
sin t

�
� � (t) :

h) F (s) =
1

s2 � 3s+ 2;
modul 1: Se descompune F în fraçtii din tabel (chiar simple) )

F (s) = � 1

s� 1 +
1

s� 2
tabel)

F (s) = �L
�
et � � (t)

	
(s) + L

�
e2t � � (t)

	
(s)

T1;lin
= L

�
�et � � (t) + e2t � � (t)

	
(s)

) f (t) =
�
�et + e2t

�
� � (t) sau f (t) = �et + e2t; t � 0

modul 2: F (s) = 2
1
2�

s� 3
2

�2 � �12�2 tabel
=

sau T3, a deplas¼arii

= 2L
n
e
3
2
t sh

�
1
2 t
�
� � (t)

o
(s)

T1;lin
= L

n
2e

3
2
t sh

�
1
2 t
�
� � (t)

o
(s)

) f (t) = 2e
3
2
t e

1
2
t � e� 1

2
t

2
� � (t) =

�
�et + e2t

�
� � (t) sau f (t) = �et + e2t; t � 0

modul 3: Se foloseşte T10; a lui Borel:

F (s) =
1

s� 1| {z }eF (s)
� 1

s� 2| {z }eG(s)
:

eF (s) = 1

s� 1
tabel) ef (t) = et � � (t) :

eG(s) = 1

s� 2
tabel) eg (t) = e2t � � (t) :

Atunci F (s) = eF (s)� eG(s) T10;a lui Borel=
convenţie

L
�Z t

0

ef (�) eg (t� �) d�� (s) = L�Z t

0
e� � e2(t��)d�

�
(s) :

) f (t) =

Z t

0
e2t��d� =

e2t��

�1

�����=t
�=0

=
e2t�t

�1 �
e2t�0

�1 = �et + e2t; t � 0

sau f (t) =
�
�et + e2t

�
� � (t) :

i) F (s) =
s

s4 + 5s2 + 4
;

modul 1: Se descompune F în fraçtii din tabel (chiar simple) )
F (s) =

1

3

s

s2 + 1
� 1
3

s

s2 + 4
:

tabel) F (s) =
1

3
Lf(cos t) � � (t)g (s)� 1

3
Lf(cos 2t) � � (t)g (s)

T1;lin
= L

�
1

3
(cos t) � � (t)� 1

3
(cos 2t) � � (t)

�
(s)

) f (t) =

�
1

3
cos t� 1

3
cos 2t

�
� � (t) sau f (t) = 1

3
cos t� 1

3
cos 2t; t � 0:

modul 2: Se foloseşte T10; a lui Borel:

F (s) =
1

s2 + 1| {z }eF (s)
� s

s2 + 4| {z }eG(s)
:

eF (s) = 1

s2 + 1

tabel) ef (t) = (sin t) � � (t) :eG(s) = s

s2 + 4

tabel) eg (t) = (cos 2t) � � (t) :
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Atunci

F (s) = eF (s)� eG(s) T10;a lui Borel=
convenţie

L
�Z t

0

ef (�) eg (t� �) d�� (s) = L�Z t

0
sin � � cos 2 (t� �) d�

�
(s) :

) f (t) =

Z t

0

sin (� + 2t� 2�) + sin (� � 2t+ 2�)
2

d� =

Z t

0

�
1

2
sin (�� + 2t) + 1

2
sin (3� � 2t)

�
d� =

=

�
1

2

� cos (�� + 2t)
�1 +

1

2

� cos (3� � 2t)
3

������=t
�=0

=

�
1

2

� cos t
�1 +

1

2

� cos t
3

�
�
�
1

2

� cos 2t
�1 +

1

2

� cos (�2t)
3

�
=
1

3
cos t� 1

3
cos 2t; t � 0

sau f (t) =
�
1

3
cos t� 1

3
cos 2t

�
� � (t) :

j) F (s) =
1

s4 � s2 .
modul 1: Se descompune F în fraçtii din tabel (chiar simple) )

F (s) = � 1
s2
� 1
2

1

s+ 1
+
1

2

1

s� 1
tabel) F (s) = �Lf(�t) � � (t)g (s)� 1

2
L
�
e�t � � (t)

	
(s) +

1

2
L
�
et � � (t)

	
(s)

T1;lin
= L

�
t � � (t)� 1

2
e�t � � (t) + 1

2
et � � (t)

�
(s)

) f (t) =

�
t� 1

2
e�t +

1

2
et
�
� � (t) sau f (t) = t� 1

2
e�t +

1

2
et; t � 0:

modul 2: Se foloseşte T10; a lui Borel:

F (s) =
1

s2|{z}eF (s)
� 1

s2 � 1| {z }eG(s)
:

eF (s) = 1

s2
tabel) ef (t) = (�t) � � (t) :eG(s) = 1

s2 � 1
tabel) eg (t) = sh t � � (t) :

Atunci F (s) = eF (s)� eG(s) T10;a lui Borel=
convenţie

L
�Z t

0

ef (�) eg (t� �) d�� (s) = L�Z t

0
(��) � sh (t� �) d�

�
(s) :

) f (t) = �
Z t

0
� � sh (t� �) d� = ::

modul 2:1: f (t) = �
Z t

0
� � e

(t��) � e�(t��)
2

d� =
1

2

Z t

0
� � d
d�

�
e(t��) + e�(t��)

�
d� =

=
1

2

��
� �
�
e(t��) + e�(t��)

�����=t
�=0
�
Z t

0

�
e(t��) + e�(t��)

�
d�

�
=

=
1

2

 
t �
�
e0 + e�0

�
� 0� e(t��)

�1 +
e�(t��)

1

�����
�=t

�=0

!
=
1

2

�
t �
�
e0 + e�0

�
� 0�

�
e0

�1 +
e�0

1

�
+

�
et

�1 +
e�t

1

��
= t � e

0 + e�0

2
+
e0 � e�0

2
� e

t � e�t
2

= t� sh t; t � 0
sau f (t) = (t� sh t) � � (t) :
modul 2:2: Folosim



Gabriela Grosu / EDCO 18

8><>:
d

du
(chu) = shu; 8u 2 R

d

du
(shu) = chu;8u 2 R

� R
(chu) du = shu+ c;8u 2 R, 8c 2 RR
(shu) du = chu+ c;8u 2 R, 8c 2 R

�
ch 0 = 1
sh 0 = 0

f (t) = �
Z t

0
� � sh (t� �) d� =

Z t

0
� � d
d�
(ch (t� �)) d�

=

�
� � ch (t� �)j�=t�=0 �

Z t

0
1 � ch (t� �) d�

�
=

 
t � ch 0� 0� sh (t� �)

�1

�����=t
�=0

!
=

�
t � ch 0� 0� sh 0�1 +

sh t

�1

�
= t� sh t; t � 0 sau f (t) = (t� sh t) � � (t) :

Observa̧tie. Exist¼a o metod¼a de determinare a funçtiei original f atunci când se cunoaşte funçtia
imagine F; bazat¼a pe analiza matematic¼a a funçtiilor complexe (se va studia la Matematici Speciale),
şi anume:
De�ni̧tie. Fie G : D � C! C.
a) s0 2 C este pol simplu (sau pol de ordin 1) pentru G dac¼a

lim
s!s0

G (s) =1 şi lim
s!s0

(s� s0)G (s) 2 C.

În acest caz reziduul lui G în s0 este num¼arul complex notat rez (G; s0) dat de
rez(G; s0) = lim

s!s0
((s� s0)G(s)) :

b) s0 2 C este pol de ordin k 2 N� pentru G dac¼a
lim
s!s0

(s� s0)k�1G(s) =1 şi lim
s!s0

(s� s0)kG(s) 2 C.

În acest caz se reziduul lui G în s0 este num¼arul complex notat Rez(G; s0) dat de

rez(G; s0) =
1

(k � 1)! lims!s0

�
dk�1

dsk�1
�
(s� s0)kG (s)

��
:

Teorem¼a. Fie o funçtie raţional¼a

F : D � C! C, F (s) =
P (s)

Q (s)
;

unde P şi Q sunt polinoame cu coe�cienţi din C, gradP < gradQ: Atunci F este imaginea Laplace
a originalului Laplace

f : R! C, f (t) =
X
j

rez
�
est � F (s); sj

�
,

unde suma este calculat¼a dup¼a toţi polii sj ai funçtiei F .
În particular, dac¼a F admite doar poli simpli s1; :::; sm (sau, echivalent, Q are r¼ad¼acini distincte),

atunci

f(t) =
mX
j=1

P (sj)

Q0(sj)
esjt; t � 0:

Exerci̧tiul 13. S¼a se determine funçtiile original pentru :

a) F (s) =
s2 + 1

s2 (s2 + 4)
:

Rezolvare. A se vedea Curs.


