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Matematici Speciale, ATA

2.2. Camp vectorial: flux, divergenta, circulatie, rotor

Comentariul 1.
. A . — v
ﬂuxul unui cAmp vectorial v intr-un punct Py este numarul

) (Py) = //* Py) - 1 (Py) ds;

-divergenta unui cAmp vectorial V' intr-un punct Py este numsrul
® (V) (R)
div (V) (Py) = lim ——~2——.
v (V) (1) = Jim — Ry
Teorema 1. (expresia divergentei in coordonate carteziene). Fie ¥ : D C R?® — V3,
— — i iy 77
v (%,y,Z) =V (P) =V (:I:?y?Z) 1 +v2 (a:,y,z) J + v3 (.’B,y,Z) k
un camp vectorial de clasi C' pe un domeniu D si Py € D. Atunci
ovy Ova O0vs
(Fo) +

B En (Po) + B2 (Po) - (1)

Observatie. |divV (P) =V -V (P),VP € D

Definitia 1. Un camp vectorial ¥V : D C R3 — V3 de clasd C' pe un domeniu D se numeste cdmp

div v (Py) =

solenoidal daca

divv (P) =0,VP € D.

Exercitiul 1. S& se calculeze, pe un domeniu D a.i. O ¢ D,
a) div (r*T’); b) div (? xT),
unde T (P) = ci + yT + 2K este vectorul de pozitie a punctului P (z,y, z) $

.
iar ¢ = =c1i +c J + c3 k este un vector constant.

Rezolvare. a) r (P) = /2?2 +y> + 22 =
— — —
v (P) :x(x2+y2+z2) i +y(x2—|—y2+z2) j +z(:c2—|—y2+z2) k.
Are reprezentarea spatiald

Conform (1) =
e g _é 2 2 2 g 2 2 2 2 2 2 2\ —
div V' (P) = o~ (v (+* +y +z))+8y(y(x +97+2%) + - (2 (2 + 97 +27)) =

:($2+y2+22)+:L"-2x+(m2+y2+22)—|—y-2y—|—(m2—|—y2+22)+z-2z:
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=5-(22+y*+2%) >0,YPe D=
Campul vectorial "emite" in orice punct P € D.
Deci ’div (7’2 r ) = 57"2.‘
=

- - T

— i ok - - -

b) V(P)=|c ¢ c3 | = (cez —e3y) i — (c1z —c32) j + (ay — c22) k.
r Yy =z

Conform (1) =

(— (12 — es3z)) + 2 (c1y — cox) =

div v (P) = 9 (c2z — c3y) + 9 o

ox oy
=04+0+0=0,VP€e D =
Campul vectorial "nu emite" gi "nu absoarbe" in niciun punct P € D, este solenoidal.

Deci ’le (E) X ?) = 0‘

Exercitiul 2. Si se calculeze div (f (r) V) (P), unde V este un camp vectorial de clasi C! pe D

. N S ry ry g "
a.d. O ¢ D, f este o functie scalard de clasda C*, ¥ (P) =z i +yj + zk este vectorul de pozitie
a punctului P (z,y,2), cur = H?H .

Cazuri particulare: div (7"2?) si div (r?) ,unde € = cl_i)+02T+03E) este un vector constant.
Rezolvare. Fie r (P) = /22 + 42 + 2251 V (P) = v1 (P) T o (P) T+ (P) X =

[ scalara

PO @y T @) 2 . .
= f(?" (xvyvz))vl (SL‘,y,Z) i +f(T (xvyvz))v2 (CC,y,Z)j +f(T ($,y,Z))7)3 (x,y,z)k.

~
un wi un wa un w3

Conform (1) Plag?
0 0 0

div (f (r) V) (P) = 5, (T () 00) () 5 (7 (r)w2) (P) & - (7 () -vs) (P) =
= (P 5L P) - m (P4 T (P) - G2 (P) +
+zlzj;(T(P))g;(P>'U2(P)+f(r(P)).%?(PH

d 0 0 scalara
Y (P us (P 47 (P)) - 22 (p) T2

= ' (r(P)) W v (P)+ f(r (P))
+f' (r (P)) ﬁ <03 (P) + f (r (P))
W'
V mir s
HeEn (Grer+ G2+ e -

87}1
or
61)2
9z
6@3
9z

(xvy (P) + yva (P) + zvs (P)) +

(P)+
(P)+

v3 (P) + [ (r(P)) (P)

+/'(r(P))
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of(r)=r1,vV(P)=7¢ =

div (12€) = 2 (¥ - €)r2div € =2 (F - @) 02 (agj) a;z2>+ag;3)> —9(7 )
of(r)=r;V(P)=7¢ =

dlv(r?) :%(?-?)—FTdIV [¢ :%(? ?)—i—r <8€();1) +8€()22) —i—agj)) :%(?.?)
dlvc—0§1d1v( ?):2(?-?)§1d1V(TC):%(?-E})

- . : L= T ”
Exercitiul 3.Fie f o functie scalard de clasa C*, T (P) =z i +y j + 2k # 0 vectorul de pozitie
a punctului P (z,y,2z) pe D ail. O¢ D, cur = H?H Sa se determine f astfel incat:

a) div (grad f (r)) = 0; b) 2rdiv (grad f (r)) = div | - > .

Rezolvare. Fie r (z,y,2) = Va2 +y> + 22 ¢ ¢ (2,9, 2)

|_|

0 — 0 — 0 —
gadg(P)=Ve(P)= Z5(P) T+ 50(P) T+ 5-(P)
—— R ,
v1 pentru div v pentru div vz pentru div
Conform (1) =
. 0? 0? 0?
div (grad o (P)) = 5.5 (P) + 5.5 (P) + 55 (P) = A (P)
Se ogservé cé:df 5
Y=Y py=f o
d¢ df or / y
— (P)=—(r(P)) - = P) ———.
gy ()= G (P G (V= (Pt
9% oy (P9 py = g L
al mult:
2 1
0%p df p ar p x

g (D)= G TP G () et

’ ’ 2 .21 .2
1 (r (P))- VeV EE
<\/:1:2+y2+22)
0% df’ or Yy
o P = g P, (P o
].' $2+y2+22—y‘#
+(r (P))- VESYEE
<\/x2+y2+22)
2 /
0% af P or P) z

@(P) dr(())'&( '—W—F
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VITet+y -+ 2
+f(r(P))- :

2
(\/a;Q +y?+ z2>

Atunci div (grad f ) (P) =

y2 22
— " (r + +
ZL‘2+y _|_22 $2+y2+2§2 $2+y2+22
e 3(3: +y?+22) — (P4 +22)

$2+y +22 /1:2+y2+22

)
= £ P)+ I P

2
a) div(gradf(r)):O(:>f”(7")+f'(r)-;:O,reDa.i. r#£0&
r2f"(r)+2rf (r)=0,r € D,r #0 (r2f' (r)) =0,r € D,r £0 &
r2f'(r) =ci,m € D,r #0,¢1 ER@f’(r):%,TED,T#O,Cl cER&
f(r):—%+CQ,T€D,T7éO,Cl €R,co € R.
1
r(P)

b) T (P) =

2 2 2 1+ 2 2 2 J + 2 2 2 k
vaeety +z Vi +y + 2 Vit y + 2
vy pentru div vg pentru div v3 pentru div

Conform (1) = div 1? (P) =
T

_ 9 z Lo y Lo z _
Ox \ /22 + 42 + 22 Oy \ /22 + y2 + 22 0z \ \/22 + y2 + 22
1 Va2t t 22—t 1Ryt ey
Va2 +y2 + 22 V2 +y2 + 22
2 + 2 +
<\/x2+y2+22) (x/x2+y2+z2)
z

1 V2Pt — —
n Vaz+yr+22 2

5 :
( /a:2+y2+22) r(P)
Atunci

2r div (grad f (r)) = div (i?) & 2r (f”(r)—i—2f’(r)-i> = %,TED al. r#0&
r2f"(r)+2rf' (r)=1,r € D& (r2f'(r)) =1,re D,r #0 &
r2f'(r)y=r+c,r€D,r#0,c1 ER@f’(T):%—F%,TED,T;&O,cl eER<s
f(r)zlnr—%—l—cQ,rED,r#O,cl eR,co € R.

Comentariul 2.
. . . A . — A v
-circulatio unui cAmp vectorial v’ intr-un punct Py este numarul

circulatia (V) (Py) = f V (Py)-dT (Py);

N . — . — not. —
-rotorul unui cAmp vectorial v’ intr-un punct Py este vectorul rot v =" curl v’ dat de formula

o e . 1 P
n (PO) - rot (V) (PO) = A%‘IEO circu aEZé ) ( 0)‘
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. N . . —
Teorema 3. (expresia rotorului in coordonate carteziene). Fie vV : D C R3 — V3,

- — - - —
V(IL‘,y,Z):V(P):Ul($,y,Z) 1 +02($ayaz).] —|—’U3(l’,y,2)k
un camp vectorial de clasi C' pe un domeniu D si Py € D. Atunci

F ™
— not. — o 0 0
tV ()" S el V (P =| — = 2 Py) =
rot vV (Fy) = curl V' (Fp) 9 9y 0: (Po)
v v2 v3 formal
_ (v 92 py) T - (2% 9 YT 4 (22 py) - 2 (p)) &
(G- G2 m) T (Gr -G em) T+ (2w -5 K| o

Observatie. |rot V (P) =V x ¥V (P),VP € D.
Definitia 2. Un camp vectorial ¥ : D C R3 — V3 de clasi C' pe un domeniu D se numeste camp
wrotational daca

rot v (P) = 0,¥P € D.
Definitia 3. Un camp vectorial ¥V : D C R3 — V3 de clasd C' pe un domeniu D se numeste cdmp
armonic daca este simultan solenoidal si irotational, adica:

divv (P)=0,YP € Dsirot vV (P) = 0,YP € D.

Exercitiul 4. S& se determine rotorul urmatoarelor cAmpuri vectoriale:
- 2.\ 3 2.\ 7 2.\ o

a) v (P) = (%) i + (2%2) j + (v*2) k.

Rezolvare. Campul vectorial are reprezentarea

e
. .?\b\\’\ \.
- P e 0 8 9 ® e \
. P ess 04 ] N
;‘.’,._ ..éb/ .
\;;:’ -Ml “
ﬁ Npee
RSP
Conform (3) =
i3 X
rot v (P) = 9 9 9 |_
or Oy 0z
2y 2%z ylx
0 0 — 0 0 — 0 0 —
:<ay(y2 )_az(xzz)> i _<8$(y2 )_@ 2y) ) j +<(9z(x22)_8( 2y)> k =
— — —
=(z-2y—2?) i—-(yP—y-22) j+(z-22-2H) k=(z2y—2)) i +(y(22—y)) j +(z(2z — 2))

Campul vectorial

_ iy Y g

wW(P)=(zQ2y—2) 1 +u2z-y)J+(zQ2r-2)k _
este un camp de "vartejuri", de rotori, deoarece provine din rot ¥ = W. Deoarece rot ¥V (P) # 0
in P # O, V este camp cu rotatie in P # O.
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— — —
b) vV (P) = (z?+y%) i + (v* +2?) j + (2 +2?) k.
Rezolvare. Campul vectorial are reprezentarea

Conform (3) =

1 J
rot v. (P) = ﬁ Q 2 =
ox oy 0z
B +y? P42 24l

0 - 0 0 —- 0 0 —
_ (Y9 (.2 2y 9o )T [ Y9 2 N _ L2 T L2 - L))
<8y(z + 2?) 82(3/ +z)>1 890(2 + 2?) az(m —i—y)),]-l—(ax(y + 2?) ay(w +y)>
— — — — — —
=(0-22)i —2z-0)j +(0—-2y) k =221 —22j —2yk,VP e D.
Campul vectorial
— — —
w(P)=-2zi —2xj —2yk
—
este un camp de "vartejuri", deoarece provine din rot V.= W. Deoarece rot V (P) # 0, in P # O,
V este camp cu rotatie in P # O.
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- - - - . i .
c) V(P)=(r"T)(P),neN*,unde T (P)=xz1i +yj +zk este vectorul de pozitie a punctului
P(z,y,z)pe Dai O¢ Dsir=|T|.

Rezolvare. Fie r (P) = \/a? + y? + 22 = 7" (P) = (2% 4+ y* + 2?) 2

v (P) = ($2+92+22)%~’U—i>+ ($2+y2+z2)%y7+(m2+y2+22)%zk.
Conform (3) =

i 3 X
— iy 0 0 0 B
rot v (P) o ) oy ) ER )
(@ +y* +2°)° y(@®+y*+27)° 2 (P +y*+2%)2
—<§; z (x2+y2+22)2)—8 (y (w2—|—y2+z2)g)>T—
—<aa$ (z ($2+y2+22)2>—a (m-(w2+y2+z2)g)>T+
+<8(?1c (y (m2+y2+z2)g>—a(:c-(as2+y2+22)g>>?:
:<z 222424222 (2y) —y %(x2+y2+z2)%71(22))?—
— (z 2 (2?2 + 9%+ z2)%71 (2z) —z- % (x* + 9% + 22)%71 (22)) T+
(3@ 2+ @) —e g (@2 4y 4200 (2) Kk =

Y Y v _
=0i+0j +0k=0,VPe D=
Campul vectorial ¥ este unul irotational. Si din reprezentirile spatiale ale ¥ pentru n =

0,1,2,3 se observa lipsa rotatiei.

A
\ /
NNERS I
~ N L L,
—_= 35_4«.//
—_ = (5 Y J—
— = e e —
— =& o o ="
- z ¢ * NN~
0 PB S
/ / \ AN
/
/

d) V(P) = ¢ x T (P), unde T (P) = zi+ yT + 2K este vectorul de pozitie a punctului

P(z,y,z) pe Dai O¢ Dsir= H r H ,iar € =¢1 1 +c2j + c3k este un vector constant.
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iy K . . .
v (z,y,2) = v (P)=|ca c2 c3|=(caz—c3y) i —(c1z—c37) j + (c1y — c27) k.
T Yy =z
Conform (3) =
i F K
ot v (P =| 2 9 9 |-
ox oy 0z
oz —c3y —(c1z —c3x) 1y — cox
0 0 - 0 -
— (g (=)= oL (= (erz = eaa) ) T = (50 Ccan = can) = 5oz = a)) T+
0 0 —
(g ez can) = L (eaz e ) K =

' ry T —
=2c11 +2cj +2c3k =2c,VPe D=
Campul vectorial este unul rotational.
c X r) = 2?.‘

Se poate scrie: ’rot (

Exercitiul 5. Fie cAmpul vectorial

V(P)=f(r)T (P)+3a x T (P),
unde T (P) —zi 4+ yT 42K este vectorul de pozitie a punctului P (z,y,z) pe D ai. O ¢ D,
r= H r H a = al_l) + GQT + as k este un vector constant, iar f este o functie scalard de clasi C!.
S& se determine legea de asociere pentru f astfel incat:

div (f(r)a) =7V rot v.

Rezolvare. eer (P) = \/m
f(r(P)a =f(r(P)) (al_i> +asj + a3¥> — f(r(P)ari +f(r(P)azj + f(r(P))ask.

vy pentru div v pentru div vz pentru div
Conform (1) =
dlva( r)ya) (P) ) )
= Do)+ 3—<a2f< PP+ A (o] ( (P)) =
—a Ty Zp )+ wd <7~<P>>-§;<P>+a3%<r<P>>-§;<P>= Z
:alf’(r( )) m+a2f/(r(P))~m+a3‘f’(r(P))~W:
_ 1 (P)) _ [ (P) — =
= W:(ala.:fazy%—a?,z:) =P (a- T (P))
Se putea obtine si din Exercitiul 2, o
! iv a) = G T - iv a
div(f(T)V))—f:)( )+f()div7:>d (f() ) r ( )+f()d .
eea xT ap as az | = (a2z—asy) i —(a1z —azx) j + (a1y — agz) k.
T Yy oz
v (P :f(r)_?—l—?xz: _ . ~ .
=fei+f(r)y] +fr)zk +(a2z —agy) T — (a2 —azz) j + (a1y —azz) k =
=(f(ra+(az—agy)) i + (f(r)y—(arz—azx)) i + (f(r) 2+ (a1y — ag2)) i

v1 pentru rot vy pentru rot v3 pentru rot



Gabriela Grosu / Matematici Speciale

Conform (3) =

1 J
rot v (P) = 9 9 9
ox dy

N

0
(a1y — agx)

—

) f(T)$+(a22—a3a) f(r)y—(az—asz) f(r)z+
(4 )2+ =) = (£ )y~ (- o)

_ <88x (f(r)z+ (a1y — agx)) — 8 ( (r)x + (a2z — a:;y))) T—i—
+<;C(f(r)y—(alz—a3w))—8(f(7">w+( ) ¥

99 azz — azy)

~(a+ Loy @ra-vLewn- @) T-

' d 9z
af or Y o’ )% =
(et y L () 5P a—af (P 5L (P)) K =
:2a1i—l—2a2j +2a3k =2a _
VotV =2V-a = (f(r)?—l—?x?)-a> 2f(r)?5>—|—(§>x?)-3>:2f(r)?5>—|—0:
2f(r)T - a

oo Atunci div (f (r) &) = V 1ot V f'f“) (3 -T)=2f ()T B o
f,( ) —opt),reDrt0= L0

o =2r,re D,r#0=
:>1n|f( ) =r*+creD,r#0,ceR= f(r)

—62+C,TGD,T7§O,CER.



