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SEMINAR NR. 4, REZOLVARI
Matematici Speciale, ATA

FUNCTII COMPLEXE

1. Multimea numerelor complexe
1.1. Definitii. Exemple. Structura algebrica a multimii C

Notiunile de numar complex, numar complex sub forma algebricia, numar complex
sub forma trigonometrica, precum si operatii, proprietati- A se vedea Curs.

Exercitiul 1. S3 se determine conjugatele urmatoarelor numere complexe:
1 1

a)z=1+-j2=1--j.b) 2=v3-2j;2=+3+2j.
e e

c)z=1j-5=-5+1%j;z=-5-1jd)z=5=5+0j;2=5-0j=25.
€)z2=4j=0+43;Z2=0-4j.f) 2=0=04+0j;Z2=0—-0j = 0.

Exercitiul 2. Si se calculeze:
a) (24+3))+(2-))(B+2j)=2+3j+6+4]-3j—2j> =10 +4j;
b) (V2+3j) (3 V2j) =3v2-2j+9j-3v2> = 6v2+ 7j;

1+2§)4 4(1+2j) 44+8j 44+8j 4 8,

)12 T o2)r2) 1-4f 5 51 5)

HYIL45VE (1+iv3)° 1431242V —2+42jV3 -1 V3,
1-jv3  (1-3vB3)(1+jv3)  1-372 4 — TR

Exercitiul 3. S& se calculeze:
a) E; :j6+j16+j26+j36+j46
Rezolvare: modul L. By = (%) + (*)° + (%) " + (°) " + (*) =

= (-1’ + (D) + (D2 + ()P (-DP =—141-14+1-1=-1.
modul 2. Fy = j#1H2 4 jHAR0 4 02 4 AOR0 4 jAdlh2 —
R 4\ 4 .4\6 . 4\ 9 11,

=G P+ G PHEH G P=lhl o141 -1= -1
b) By =j' +i%4+... +i",n e N,n > 4.

Rezolvare: Fy =j' +j? +...+j":j-J;__11.
c:am11Ln:4k,keN*:>j":(j4)k:1=>E2:j-§__11:0.
cazul2.n:4k+1,k:€N*:>j":(j4)k-j:j:>E2:j~j:_1:j.
(:azul3.n:4k+2,k€N*:>j”:(j4)k-j2:—1:>E2:j._j1__11 :j.ll—i)?:_l_i_j.
%an4k:+3,k€N*:>j”:(j4)k-j3:_j:>E2:j._j__11 .Hlj)i'jfl _ 1

c) Bg=j'-j?-...-j1%.
Rezolvare: Fs — jim(’;ol — {5050 _ 1262442 _ _ 7
d) E4 — Jn +jn+1 +jn+2 +jn+37n e N.

Rezolvare: F4 =j" (1 +j+j? +j3) =0.
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Exercitiul 4. Sa se determine z,y € R din ecuatiile:
a) (+) 5z +3jy) + 2y —jz) =3 - J;

Rezolvare: (x) < (bz+2y)+jBy—2)=3-j& {
b) (x) (—3y +ijz) — (-8z +5jy) = -2+ 12j;

. . 8r — 3y = -2 r =52
. 1 —
Rezolvare: (*)<:>(—3y+8x)+J(§x—5y) = —2+12J<:>{ %az—5y:12 <:>{ y Toa

‘\»—A‘»—n
ol

5 + 2y =3 e T=
—r+3y=-1

<
I

_

e

xr—2 y—3 .
c) (* -+ >—=1-3};
)()1—.] I+j : .
L)y — 9 1=y 3 (:):c—2+j(:v—2)+y—3—.i(y—3)
1—] 1+ ! 2 2
SE-24+y—-3)+jr—-2-y+3)=2-6j<

o z4+y—>5H=2 o T+y="7 N z=0
r—y+1=-6 r—y=-7 y="7"
d) () (jz —y)* =6 —8j+(z +jy)*;
Rezolvare: (%) < —22 +9y? —2joy=6—8j+a2 — 9?2+ 2joy &

22 2_ .2 2,2 _
@{ 24+t =6+2%—y <:>{SL' Y 3

=1-3j&

Rezolvare: (x) &

—2xy——8+2xy Ty = 2
y:%jng I2_ 3=zt 4+322-4=0.
o L zyeR [ x =1 r=—1
=1 = {y:2 sauu{y:_2
z? = —4 nu are solutii z,y € R.
i 1 1 1 bj
YO LI LS S L) R
x Yy a x
1_1_ 1 1 1_1
Rezolvare: (%) < (f f Z & T g{ g &
—t+ - =- -+ -—==-=0
r Yy vy r vy vy

E __ ya _a2-)
1 & y+a e T 1)
- y=a(2—0) y=a(2-0)

Exercitiul 5. Fie m € R. Sa se simplifice in C fractiile

a) 15x22—8mx+m22 _ 15(93—%) (z—2) _ 5(z—1%) _Sz—m
1224 —mx — m (x——)( ) 4(:1:—1—%) 4 +m

b) 332—1—3j$—2:1(13+2j)(:17—|—J) x+]

w2 +jr+2  l(@+2j)(xz—j) z-j

Exercitiul 6. Si se scrie sub forma trigonometrica numerele

a) z=1+jb) z=—-2+2jic) z=—V3—jd) z=1-jV3

e) z=2if) z = —3:g) 2 =2j;h) 2 = —2j

Rezolvare. A se vedea Curs

i) z = cosa —jsina,a € R.

Rezolvare. z =1(cos(—a)+jsin(—a)),cur=1sit=—a €R.

Saur = |z| = \/(cosa)2 + (—sina)? =1
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_dina N k =0 daci cosa>0si —sina>0
arctg< ) + km, unde k=1 dacd cosa<0sgi(—sina>0sau —sina < 0)

cosa ~ . . .
k=2 dacd cosa >0sgi —sina <0

argz =t = ¢ 0, daci —sina =0, cosa > 0
7, dacd —sina = 0,cosa < 0
daca cosa =0,—sina > 0
‘g’“ , dacd cosa =0,—sina <0
J)z—s1na+J(1+cosa) acR.
Rezolvare. z-251n20052 —I—J -2 cos? 5 =2cosg (sm + jcos & )—2C082 (cos
_{2c052( ),daca2c052>0

- a 37r—a f i 3T—a 5 a
—2cos 5 (COST—i—Jsm 5 ), daca —2COS§ >0

o — 2cos 5, daca 2cos § > 0 P
| —2cos§, dacd —2cos§ >0 =

)

, daca 2005‘21 >0

3” 4 daca —20082 >0

Saur = |z| = \/(sina)2 + (14 cosa)®> = /2 + 2cosa = \/4(3082% = 2 |cos &|.

1+ cosa N E:Odacé sina >0si1+cosa >0
arctg (sma) + km, unde E: 1 dacd sina < 0 si (1 +cosa > 0sau 1+ cosa < 0)
k=2 daca sina>0si 14 cosa<0
argz =1" = ¢ 0, dac 1 +cosa = 0,sina > 0
m, dacd 1+ cosa = 0,sina <0
5, daca sina =0,1+cosa >0
L 37“, daca sina =0,14cosa <0

Exercitiul 7. S& se calculeze
. 10 1+
a)E1=(—1+Jv§);b)E2=El$mm-
Rezolvare. a) A se vedea Curs
b) modul 1. (algebric-mai ales daca se cere forma algebrica a Es)
O varianta de calcul algebric este:

-)2013

z1=1+]
= (1+j)*=2j
24 = (2))? = -2
2%013 _ z§03-4+1 _ (Zi;)503 - (_22)503 (1 4j) = —21006 . (] 4 j) = 21006 _ 91006 j
Zz =1-]

22 =(1 —j) = 2]

24 = (—2j)? = -22

22000 — %())264% _ (23)500 _ (_22)500 _ 91000
_2 ° (1 + J) 6 . 6 6 :

modul 2. (trigonometric-mai ales daca se cere forma trigonometrica a Fs)
Analog cu exercitiul 6, se reprezintd trigonometric

7 7
z1:1+j:ﬁ<cosz—i—jsini);zg:l—j:ﬂ(cosI—i—jsinf) =
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2000 i :
T (V2 (cos T oy 20T

20137 . . 2013%)
1 + Jsin

Fy =

(v3) 0 <cos <5o3w n %) +4 jsin <5027r + 5:)) .
2(() fé 2000 5(7(;05 (3500;)T ;r jsin (3500m))
V2) cos 2% 4 jsin &
(\/5)2000 (cos ( Oj: )+ jsin (;)) - (\/5)13 (cos (T - 077) + jsin <5I - 07r>> =

N <cos 5T | jsin 5”) .

—

4

Exercitiul 8. Fie Vn € N*. Si se calculeze Re (s (z)) pentru
14
s(z)=14+2z+..4 2" unde z = 1—ﬂ
Jzn-i—l -1
Rezolvare. s(z)=1+z2+..+2"=1- 71,,27& 1.
5

P14 142545

:j:l(cosg—kjsin%).

1-j  1-4
-\ nt1
(%yl -1 et (cos T + jsin E)nJrl -1
s z—1 1(coss +jsing) —1
_ cos (n+1) 1 jsin (n+21)7r ~1  2sin? (n+1)7r — 2jsin (n;r;)w oS (n;;)w
— COSQ+JSIH2—1 B 281H 22 2JSIH2QCOS22
D92gin (nzl)7T (sin (n+1)7r _ jcos W) sin (n-tll) (cos (n—zl)w +jsin (n+1) )
2sinf (sin§ —jcos §) B sin  (cos § + jsinJ) N
sin 4(”'21)” (nt1) (nt1) sin (n—tll)w
n K K
:Sinz(cos< Z —E)—I-J&n( 7 —Z)):M(cos —|—J51n4)
o (DT
- : sin
In consecinti, Re (s (%)) =21 .cosmm
! sin %

Exercitiul 9. Folosind numere sub forméa trigonometrica si formula lui Moivre, sa se arate ca,
Vn € N* gi Vo € R, x # 2km, k € Z, are loc
3 nx

sin % 1 . . . sin & !
COS T+C08 22+ ...+COSNT = —2- coS (("J; )“c) ;sin z+sin 22+...+-sinnr = —2- sin (("z )z) .
2

ST .
sin 5 sin

Rezolvare. Fie n € N*. Se noteaza

n
A, =cosx + cos2x + ... + cosnx = Zcoskx;Bn =sinx +sin2x + ... + sinnx = Zsinkx.

k=1 k=1
n

n n
A, +]jB, = Zcos/m —i—stinkx = Z(coskx + jsinkx) =
k=1 k=1 k=1

n o .
-1
= Z (cosz —}—jsinx)k = (cosx + jsinx) (cosz +J.51'na:) _

(cosx +jsinz) —1
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12 sin? T+ 2jsin & cos

2T f i T T
2sin” 5 + 2jsin 5 cos 5

(cosnz + jsinnz) — 1

= (cosz + jsinx) = (cosx + jsinx)

(cosz +jsinz) — 1
sin = (cos 5 T Jsin 2) _ sin (cos(x%—%—%)—I—jsin(x—i-%—%)).

= (cosz + jsinx)

. x xT o . x - . x
o sin 5 (cos 5 +.J ?112{1 5) sin 5
. sin &F 1 . sin &° 1
Deci A,, = — i cos <(n2 )x) si B, = ,79268111 (W) .
Sng S 3

Definitia 3. Fie z € C* gi n € N*. Se numeste rdadacind de ordinul n a z orice numéar complex Z
care verifica ecuatia

Z" = z.
Propozitia 6. Fie z = 7 (cost* + jsint*) € C*, cu r = |z|,t* = argz € [0, 27[(dacd se lucreaza
cu taietura Ox4; altfel [0+ a, 27 + af,a € R). Numaérul complex nenul z are exact n radacini
complexe de ordin n, si anume

t* + 2k t* + 2k
(C/E)(C:{Zk:%<cos—”+jsin“>

ke {0,1,...,71—1}}.

Exercitiul 10. Sa se rezolve in C ecuatiile
a) (2+3)Z2° =3+j=0;
203 — 6—1-5j
Rezolvare.(x) & 73 = 7J sz ="" T2 L —j.
24 )
Se scrie sub form# trigonometricd 1 —j = /2 (Cos %’r + jsin %’r) . Atunci
A \@(COS%7r +jsin%”) =
il

™ 12k 4 2k
Ze(YT=]), = {Zk NG <cos4?)7T —|—jsin437r> ke {0,1,2}}

Vs T
T+t0 . T40 .
ZO:{’@(COS 43 + jsin 43 )z{’/ﬁ(c%ﬁ—ﬂsm%).

Vs T
o427 o427
2 = \6/§<cos4+jsin43> — ¥/2 (cos 2T + jsin 7).

3
6 %+47r . %“‘4” 6 23 s 23
Ty = /2 COST—I—JSIHT :\/Q(cosl—;+Jsm1—2”).

Daca se reprezinta solutiile ecuatiei, Zy, Z1, Z2, in planul complex, ele sunt varfurile unui triunghi
3 o LN o C . v 3
echilateral incris intr-un cerc cu centrul in origine si de razi v/v/2.

2T
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V3+i)4 i 4j (V3 +]j

] i (V3+)) .

Rezolvare.(x) & 74 = — o 74 ="~ 2 o 74— _14+33.

() e A VA

Se scrie sub forma trigonometricd —1 + j /3 = 2 (cos + jsin £F ) Atunci
Z* =2 (cos Z +jsin F) =

27 27
2y ok ok
7 e (4 —1+j\/§)C: {Zk: \4@<cos347T —|—jsin347r> ;ke{0,1,2,3}}

2 e % )

. . B T

Zo = V2 | cos —l—JsmT =V2(cosE +jsinZ).
4 2%+27T . 2{+27r 4

Zl:\/§ COST—i—JSin 1 :\@(cos —I—JSIH )
4 2%+47r . 2§+47r

Zy =2 coquLJsm 1 :\/i(cos +Js1n6)
s Zmi6r . Z 46

Zs = /2 COST—i—JsinT :\/§(C08 —I-Jsm )

Daca se reprezinta solutiile ecuatiei, Zy, Z1, Zs, Z3, in planul complex, ele sunt varfurile unui patrat
N A N . . . v 4
inscris intr-un cerc cu centrul in origine si de raza V2.

2T

) 5(1-3j)2°+4(2-j) =0

D (42-) s 4i(V3+])
5(1—3j) 3+1

f (cos + jsin 4) Atunci

Rezolvare. (x) < Z° = 7t =-2-2j.

Se scrie sub forma trigonometrica —% % j=
_ 2
z5 \[(cos4+Jsm4):>

5 42k 5T 4 2k
Ze(,ﬁ‘/—g—gj)(cz{z,g:\ﬁ?g? <cos4+57r+jsin4zw ke {0,1,2,3,4)

Daca se reprezintd solutiile in planul complex, ele sunt varfurile unui pentagon regulat incris intr-un
5/2v/2
\/ 5

cerc cu centrul in origine si de raza
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d) 726 -973 +8 =0;
Rezolvare. w? —9w+8=0;A=81—-4-1-8=49 = w; = 1si wy = 8.
(1) Z3 =1+0j. Se scrie sub forms trigonometricd 1 +0j = 1 (cos0 + jsin0) .
Atunci Z3 = 1(cos0 + jsin0) =
0+ 2k 0+ 2k
Ze(\3/1+0j)C:{Zk:€’/I(cos +3 7T—i—jsin +3 7T);166{0,1,2}}
040
—i—jsing) =cos(0+ jsin0.

0+0
ZOZ\?’/I<COS +

042 042
le\?’/I<cos + 7r+jsin —;ﬂ>:cos23”+jsin2§.
0+4rm

044
Z2:€’ﬁ<cos —;ﬂ—l-jsin
(x2) Z3 =8 +0j. Se scrie sub form# trigonometricd 8 +0j = 8 (cos 0 + jsin0) .
Atunci Z3 = 8 (cos 0 + jsin 0) =
0+ 2k 0+ 2k

Ze(\3/8+0j)C:{Zk:\?’/§<cos +3 ﬂ—i—jsin +3 ﬂ);ke{0,1,2}}
0+0
3

3
0+2 0+2
Z1:\3’/§<cos gﬂ—kjsin + 7T>:2(6032;+jsin2§T).

— dm 4 sgipn AT
>—(3083 +Jsin 5.

Zo—\3/§<coso O+jsin >—2(cosO+jsinO).

3

47 . O0+4rw
+ Jsin

0+
Zo =8 <cos
Daca se reprezinta solutiile in planul complex, ele sunt varfurile a doua triunghiuri echilaterale,

unul incris intr-un cerc cu centrul in origine gi de raza 1, celalalt intr-un cerc cu centrul in origine
si de raza 2.

ZQ(COS%—FjSiH%).

e) Z8+(1—j)z*—j=0;
Rezolvare. w? + (1 —jJw—j=0;A=1—-j)*—-4-1- (=) =1+2j+j>=(1+j)?
—(1-j) -1+ : —A=-D+0+) .
w1 2.1 51 w2 9.1 J
(¥1) Z* = —1. Se scrie sub form# trigonometricd —1 +0-j = 1 (cos7 + jsinT).

Atunci Z* =1 (cos7 + jsinm) =
2k 2k
Z € (\4/—1+0'j)@ = {Zk =1 (cosw +jsin7r—z7r> ik € {0,1,2,3}}

Zoz{lﬁ<cos7r+0

... m™+0 s
—i—JSInT = CO0sy +]sing.
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4 ™ .. om+2m 35 . . 3

Z1:ﬁ<cos + jsin 1 >:cosI+JsmI.
4 4

Z2=€/I<cos7r+ 7r+jsin7rz 7T):cos“zr—h]'sin‘rzr.

6
Ts = \4ﬁ<cos7r—t1 T + jsin
(x2) Z* =j. Se scrie sub forma trigonometrici 0 +1-j =1 (cosg + jsin g) .

Atunci Z4 =1 (COS% +j sing) =
5+ 2km . 5 +2km

Ze(vV-1+0-j).= {Zk = %((3084 +j81n4) ke {0,1713}}

I
_ T S i (T
) = COs f +]sin 5.

740 40
Zoz{‘/I<cos24 + jsin 2 )zcosg—i-jsing.

T +27m T +27
Z1:\4/I<cos2 1 + jsin 2 >:cosfgr+jsin5§r.

4
> +4rm > +4r
Z2lelﬁ<cos2 1 + jsin 2

o 9 s 9T
>—cos8 +Jsin .

= 137y ;g 137
= C€Os g~ +]sin ~g-.

s
T+6m .
Z3 = /1 cos 2 + jsin 2
4 4
Daca se reprezinta solutiile in planul complex, ele sunt varfurile a doua péatrate, ambele incrise
intr-un cerc cu centrul in origine si de razi v/1.

1.20. Structura topologici a multimii C-NU
1.30. Multimea numerelor complexe extinsid C-NU
1.40. Siruri de numere complexe-...; 1.5C. Serii de numere complexe...

2. Functii complexe de o variabila reala f: A CR — C- A se vedea Curs



