Chapter 3
LINEAR MAPPINGS oN VECTOR SPACES

§ 3.1 LINEAR AND BILINEAR FORMS / FUNCTIONALS

Given a vector space V, several types of functions (or mappings) can be
defined on it. They can be classified according to several criteria, but the most
important regards the nature of the values they take. In other words, several
kinds of mappings can be defined on a vector space V (over a field F ) that may
differ in what regards their ranges. Such a range may consist of vectors or of
scalars in the field F. Some important mappings taking scalar values are
presented in this chapter. The first of them are introduced below.

Linear Forms

Definition 1.1. Let V be a vector space over the field F (= R / = C). A
mapping f: V—> F is said to be a linear functional (or linear form) if it
satisfies both of the following properties (or axioms):

(LFl) (prxzeV) f(x1+x2)=f(x1)+f(x2);
(LF,) (VAeF)(VxeV) f(hx)=Af(x). O

Property (LF,) is called the additivity of f, while (LF,) may be termed the
homogeneity of f with respect to the multiplication by scalars. Certainly, the
two operations should be differently understood in the two sides of each
equation in the above definition:in (LF,), the sum in the Lh.s. is the vector
additionin V, while + inther.h.s. denotes the sum of scalarsin F;in (I_.F2 )
the scalar A multiplies a vector in the Lh.s. (under f ) while it multiplies the
scalar f(x) initsr.h.s.

Remark 1.1. Properties (LF,) and (LF,) in Def. 1.1 can be replaced by a
single property, namely

(LIN) [(V A, A e F)Y(VYx ,x,€ V) f(Ax;+hyx,) =N f(x)+ X, f(x,).

Indeed, (LF,) & (LF,) = (LIN) since
(LF,) (in Def.1.1) =

Mx,hx, €V = f(hx;+h,x,)=f(Ax)+ f(hyx,) =
(LFy) (LF,

=h F(x) + A, f(xy).
Conversely, (LIN) = (LE,) for A, =X, =1 (also using axiom (L¢) of a
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50 CH.3 LINEAR MAPPINGS ON VECTOR SPACES

vector space see § 1.1-Def. 1.1)while (LIN) = (LF,) for A, =X,4,=0
and x;=x. Therefore, Definition 1.1 may be replaced by an equivalent but
simpler one :

Definition 1.1'. Let V be a vector space over the field F (=R / = C). A
mapping f: V—> F is said to be a linear functional (or linear form) if it
satisfies

(LIN) [(V A, A e F)Y(Vx ,x,€ V) f(Ax; +hyx,) =h, f(x)+ N, f(x,).

O

Property (LIN) is called the linearity of mapping f, and it just gives the
terminology of ‘linear forms’. This property can be extended to linear
combinations of several vectors under f, as stated in

PrRoPOSITION 1.1. If f isalinear form on the vector space V then

(vxl,...,xmeF)(vxl,...,xmeV)f(fjx,.x,. S0 fx). (L)
i=1 i=1

Proof (by induction on m). For m =2, (P,) is just property (LIN). Let us
assume that property (1.1) holds and denote it by (P, ). Then (P, ,,) is
implied by (P, ) and (P,) as follows:

m+1

(VA5 Agseesh A EF) (Y X, X0y X, m+1eV)f(Exx)

(E)“ Xt Ay m+1)( (ZK X )+f(7“m+1 Xpot) =

(P,,), (LF,)
m m+1
Z 1S )+ My f (x00) = Z A f(x;): (Py,).
Hence, property (P, ) <= Eq. (1. 1) holds for any m € N. u

This property (1.1) may be called the extended linearity. It can be written
in a simpler way if we use the so-called ‘matrix notations” introduced in § 2.1 -
Egs. (1.12) & (1.13) for linear combinations of several vectors with several
scalars. Let us recall those notations :

Ay
X =[x;x,...x,] and A =] *|; (1.2)
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With (1.2), a linear combination may be written as

znjx,.x,.=AT-9cT = XA =Y xA,. (1.3)

i=1 i=1
It follows from (1.1) with (1.3) that

f(f;xix,.)#(AT-@cT) S AT F(XT). (1.4)

In(1.4), f(X") represents the column vector of the values

fG),i=Ton. (15)

Using the alternative way to write a linear combination with the matrix notation
(that is, the third side in the triple equality (1.3)), the property of extended
linearity can be written as

f(X-A) = £(X) -A. (1.6)

In this formula (1.6), the linear form’s values of (1.5) appear as the component
of a row vector :

f(0) =[f(x)) f(xy) ... fx,)] 1.7
In what follows, we will prefer the notational alternative (1.6).

This property (1.4) or (1.6) is involved in defining the coefficients of a linear
form (LF) and its analytic expression in a certain basis A of the space.

Definition 1.2. Let V be a vector space over the field F, spanned by the basis
A4 =[a; a, ... a,]. The coefficients of the linear form f: V' —> F are the
components of the (row) vector

f) =1f(a) f(ay) ... f(a,)] = [e; @, ... a,] =[a]. (1.8)

Hence, f( a)=_a (i=1,n) and these values are written on a row. %

PROPOSITION 1.2. If the wvector space V is spanned by the basis
4 =[a, a, ... a,] and the coefficients of the linear form f: V — F in this
basis are f(A) =, [a; o, ... a,] =[a] then the image f(x) of a
vector x = AX, €V is

f(x) = [a] X,. (1.9)

Proof. Formula (1.9) immediately follows from Definition 1.2 of the coefficients
of in a basis A and from property of extended linearity, under its form (2.6),
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with ¥ = A and A—*XA, [ |

Remarks 1.2. The analytic expression of f(x) under its “matrix form” (1.9)
is nothing else than the extended linearity of an LF applied to the linear
expression of a vector in a basis A :

x=Y ¢&a = f(x)=)¢&a, =Y aé,. (1.10)
i=1 (1.4,8) i=1 i=1

Let us also see that the matrix notations like the ones in (1.2) — (1.4) allow for
very quick and simple proofs.

Example 1.1. If V is a vector space of dimension 4 over the field R,
A =[a, a, a; a,] is a basis spanning V and f: V—> R is a linear form
with its coefficients in A f(4) =[a] =[-1 3 1 0] then the image through
f of (or the value taken by f on) the vector x =a,-2a,+4a,+a, is
f(x) = -3, whatresults either by property (1.1) in the previous PROPOSITION
appliedto x = a, - 2a, + 4a, + a, withthe given coefficients, or by formula

1.9):
1
f)=[a]X, =[-13 10]-| 5|=-1-6+4=-3.
1

[l

Remarks 1.3. The explicit expression (1.10) of f(x) in terms of the
coordinates of a vector in a basis gives the reason for calling such a scalar
mapping to be a linear form : it is just a linear function (or a homogeneous

polynomial of order 1) in the coordinates &5 §,,---,&, of X inbasis A of V.
In the particular (but very often met) case when J = F” or V = R” with the
standard basis E in each of these spaces, the analytic expression of f(X) for

X=1[x;x,... xn]Te F" becomes

f(X) = geixi with [e] = f(E) =[e, &, ... &,]. (1.11)

Werecall that E was the notation used for the standard basisin F” or R”, in
which the coordinates of a vector coincide with their components that appear
under the sumin (1.11),ie. X =X.

A special subset of V can be associated with any linear form defined on V:

Definition 1.3. If f: ¥ —> F is a linear form, then its kernel is defined by

Kerf;f {xeV: f(x)=0¢€F}. (1.12)
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In other words, the kernel is the subset of all vectors mapped by f on the zero
scalar of the field F (or on the real number 0 when F =R). Using the
subscript -1 on f to denote the counter-image of a scalar in the range of
function f, we can define the kernel of the LF as

Kerf= f,(0): 0 € F (eR). (1.13)

The kernel of any linear form is more that a simple subset of V, as stated in

PROPOSITION 1.3. If f:V—>TF is a linear form, then its kernel is a
subspace of V':

Kerfc . V. (1.14)

Proof. Let x,, x, € Ker f andlet )“1 , )\,2 € F betwoarbitrary scalars. Then

Aix +A = A +A =
S( 1%1 2x2)(LIN) 1f(x1) 2f(x2)(1.12)

=10+A,0=0 = A, x, +A,x, €Kerf. (1.15)

(1.12)
The last membership in (1.15) + Definition 1.1' in the earlier section, § 2.2,
imply the inclusion of (1.14). |

Remarks 1.4. The condition on a vector x = 4X, € V= £(4) to be in
Ker f is equivalent, in view of (1.9) & (1.10), to the equation

[a]X, =0 < zn:aiéi=0. (1.16)
i=1

Except the trivial casewhen x =0 = X,=0€F" = f(x =0) =0 inany
basis A, it follows from (1.16) that the coordinates of a vector in the kernel
should satisfy a linear equation with its coefficients = the components of
[a] = f(4). Another property is involved by this PROPOSITION 1.3, and by
Remark 2.2 in § 2.2 (Eq. (3.7) at page 59): since any subspace contains the zero
vector 0, the kernel of any linear form also does it. If we denote as
LINFORM , the set of the LF’s defined on space V, then we may formally
write this property as

(Vf € LINFORM ) 0 € Ker f. (1.17)

Example 1.2. For the linear forms defined on a vector space like F” or
R”, equation (1.16) involves the components of the vector X — candidate to
the membership in Ker f':
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XeKerf «= Y e,x,=0.
i=1

For instance, if 7 =R” and f(X)=x,-2x,+x;,
XeKerf &= x,+x,=2x,.

By the way, many applications with linear forms (and other notions in the
LINEAR ALGEBRA) are formulated on the most usual vector space, that is
¥V = R”. In the case of LF’s, instead of giving them by the coefficients in the
standard basis E it is simpler to give their analytic expression in terms of the
components of the argument vector X € R", as we did it above. To conclude
this example, let us see that the general form of a vector in Ker f, after
denoting x,=a & x,=, is

20-P 2 -1
X(a,B)=| o | = Kerf=2([b, b,]) with b,=|1|& b,=| 0|.
0 1

Indeed, the image of this X(a,B) thru f is

fI[X(a,B)] =2a-B-2a+P =0. O

As it follows from PROPOSITION 1.2, the coefficients and - implicitly - the
analytic expression of a linear form depends on the considered basis. When the
(initial) basis A is changed to another basis B, the coefficients naturally change,
too. The formula giving the “new” coefficients is given in

PRrRoOPOSITION 1.4. If f: V—>F is a linear form with its coefficients
f(4) = [0 a, ... 0a,]=[a] inbasis A and if basis A is changed to basis
B by the transformation

BT=TA" «= B=AT" (1.18)
then the coefficients of in basis B are given by

fB) = (B, By B,1=[B] = [a]T". (119)

Proof. Expression (1.19) of the coefficients [B] in the new basis B follows
from (1.18) but not quite straightforward. Let us firstly remark that the
property of extended linearity of a linear form in the “matrix notation” (1.6) may
be written for several columns of scalars simultaneously. In other words, alinear
form fwith well (and uniquely) defined coefficients [a; a, ... a,] =, [a] in
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basis A satisfies property (1.1) <= (1.6) for any set of m or n scalars, and
if several such ordered n-tuples of scalars are considered, they may be arranged
as column vectors forming a matrix that multiplies ¥ (at right) under f in the
Lh.s.of (1.6),and f( %)inther.h.s. of thatequation. If we consider the n-by-k
matrix U=[A! A2 ... A¥] and f is a linear form with its coefficients in
basis A as in the statement and also rewritten above, [a; o, ... a, 1= [a],
then - if ¥ is replaced by A and Eq. (1.6) is (K times) simultaneously written
for the columns of U - we get

f(4-A) = f(4)-U=[a]-U. (1.20)
If we now take T T instead of U in (1.20) we obtain
[B] = f(B) =f(4-T") = f(4):T"=[a]T". (1.21)
not (1.20)
Hence formula (1.19) in the statement is thus proved. |

As a technical matter, the C-dot (*) in equations (1.20) and (1.21) may be
omitted. It stands for the matrix product, but it was not used in the statement -
Egs. (1.18) & (1.19).

Example 1.3. Let f be a linear form whose coefficients in a basis A (of the 4-
dimensional vector space V ) are f(4) =[a; a, a; a,] =[2 3 -1 4]. If
basis A is changed to B with the transformation matrix

2 -1 0 3
o 1 0 1

T=15 1 1 2l (1.22)
3 2 1 -1

then the new coefficients in basis B will be, according to formula (1.19) and
the numerical data just written,

2 0

2 3
) [ ST S R
[B1 =123 -141"| 5 o _; 1|=[137167]. (1.23)

31 2 -1

0

Remark 1.5. Formula (1.19) expresses the dependence of the coefficients of a
linear form on the basis selected in V. However, the value of an LF essentially
depends on its argument x (and also on its coefficients). Therefore, the value of
a certain LF on a given argument remains the same irrespectively of the basis
considered. Let us illustrate this remark using the previous example. If we take
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x=2a,+3a,-a;-2a,, (1.24)
formula (1.9) - (1.10) for the value of an LF gives
2
fG)=12 3 -14]-| 3|=4+9+1-8=6. (1.25)
-2

The same value of (1.24) would have to be retrieved if we use the “new” basis
B instead of A. The coefficients of f in B have been just found - Eq. (1.23).
We still need the coordinates of the vector X in this basis. They can be found
using the method presented in § 1.1 - Eq. (1.54) : the new coordinates

Xp=T T.x , can be most conveniently determined by the Gaussian
elimination, that is by transformations on the rows of the (augmented) matrix

20 2 3| 2 20 2 3| 2
fyq |11 1 2] 3] |-11 1 2] 3|
THXI=1 0 0 -1 1] -1|7[00 -1 1] -1
31 2 -1 -2 40 1-3] -5
20 2 3| 2] [200 5] o]
et o2 3] j-t10 3] 2
00 -1 1] -1 001 -1] 1
40 1-3]-5| [400-2]|-6]
(200 5| o] [12 00 0] -15]
-t 10 3] 2 | 5100 -7
001-1] 1|7|-2010]| 4
400 -2] -6/ |-200 1] 3
1200 0| -15 1000 | -5/4]
5100 -7 0100 ]| -3/4
2010]| 472010/ 64| @2
200 1| 3 000 1| 2/4]
-5/4 -5
|-3/4| 1]-3
L2 = X=| ¢4 3l 6l (1.28)
2/4 2
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-5
(1.23) & (1.28) = [B]-X; =[13 7 16 7]'% _2
2
1 24
=—(-65-21+96+14) =— =6.
4 ¢ #96+14) =~
Hence, the value in (1.25) has been retrieved, working with basis B as well.

O

This problem of changing bases and coefficients of an LF implies, in
particular, a simple way for finding the coefficients of a linear form in a given
basis of a space like V'=R"” or V =F".

If the LF is given by its coefficients in the standard basis E of such a space,
what is equivalent to its analytic expression in terms of the components of
X=[x x,.. xn]T, like in Example 1.2, the coefficients of f in basis

B=[b, b,...b,] can be found in two ways thatlead to the same result. The
transformation from the standard basis E to another (given) basis B involves
atransformation matrix T = B ; seeEgs. (1.84) at page 23in § 1.1. Then, for
each b, (1<is<n), its components are its coordinates in the standard basis
E and it follows that

f(b) =[e]lb;, A<i<n) = f(B)=[P] = [¢]B. (1.29)
But the same result follows from the coefficient transformation formula (1.19)
with [a] =[¢] & TT=B, asithas just been recalled, from § 1.1.

* * * * * *
The Dual Space V' *

An interesting problem concerns the set of all linear forms defined on the same
vector space V. We earlier considered it, in connection with the notion of
kernel, and denoted it as LINFORM ;. Two operations with / on the linear
forms in this set can be naturally defined: the sum of two LF’s and the
multiplication by a scalar of an LF.

Definition1.4.1f f,, f,, f € LINFORM, and A € F (¢ R) then
(i) (VxeV) (f; +)(x) d:f S1(x) + f(x) 5 (1.30)
(@ (VxeV) (M) = Af(x). (1.31)

(4

By the way, let us recall that we had earlier met this definition on the set of
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all real functions & ; with I < R (see Example 1.5 in § 1.1). The structure
induced by these two (linear) operations on the set of real functions defined on
an interval was that of a vector space, and the same property obviously holds

for LINFORM .

THEOREM 1.1. The set LINFORM ,, with the two operations defined in
(i) & (ii) of Def. 1.4 isa vector space over the field F (R).

Proof. It suffices to show that (i) & (ii) =

= (VA,A €F)(V [, f, e LINFORM ) A, f; + A, f, € LINFORM,,.

This implication follows from property (LIN) in Definition 1.1' :
Va,BeF)(Vx,yeF)(VAi,A,eF)(Vf,,f, € LINFORM,)

(;"1f1 +7\.2f2)((1x +By) = 7"1f1(ax +By) + X2f2(ax +By) =

(1.31,30) )
=hafi (x) + A BALH(Y) + Mafy(x)+ A, BAL(Y) =
=a[h fi(x) + M (0] + BIA S (0) + A, (D)) =
=a(Mfy + 2 5)) + B Sy + A ) (). (1.32)

This equation (1.32) - the leftmost side = the rightmost side) shows that
A, f, + A, f, € LINFORM,
and the proof is thus over. |

The vector space LINFORM,, is called the dual space (of the vector space
V') and it is denoted, in many textbooks of LINEAR ALGEBRA, V *. Many
notions defined in general vector spaces (see § 1.1 ) can be also defined in

V' *, for instance, the linear independence / dependence among the linear
forms, bases in subspacesof V'*, etc. The “zero vector” in V' * isthe constant
zero form and it is defined by (V x € V) O(x) = 0. Its coefficients in any
basis A of V willbe [0] =[0 0 ... 0]. Itisalso easy to see that the kernel
of this trivial LF is the whole space: Ker O = V. ThenegativeofanLF f isjust
f times (-1). If f(4) = [a] then (-f)(4) = -[a].

If a finite family of linear forms on V is given, its linear independence /
dependence can be effectively studied if the (row vectors of their) coefficieents

inabasis A are known. Their independence / dependence is equivalent to the
corresponding relationship among their coefficient vectors [a]j of fj . This
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problem is illustrated by

Example 1.4. Let us consider three linear forms whose coefficients in a basis
A of V (whose dimension is = 4) are the entries in the rows matrix M given

below :
fi 3 2 -5 4
Hl(x)=]3 -1 3 -3[|-X,. (1.33)
fs 3 5 -13 11

It is required to establish whether these linear forms are independent or not.

It can be seen that (for instance) f; and f, arelinearly independent, but
not all the three forms since rank M = 2. Writing down the equation involved
in the definition of linear dependence / independence leads to a homogeneous
system of matrix M T which admits the nontrivial solution [2 -1 -1]".

Hence f5=2f,- /5 O

If £ isafinite family of m linear forms defined on V with dim ¥V = n,
it is clear that at most N LF’s in this family can be linearly independent. The
number of the independent forms equals the rank of the matrix whose rows
consist of their coefficients (in any basis of the space).

Let us close this section with a connection to the linear systems, studied in
§ 1.2. Itis obvious that the left hand side of each equation of a linear system
(see Eq. (2.28) at page 43) is a linear form in the components of the unknown
vector X its coefficients are just the entries of the corresponding row of matrix
A, in the matrix equation 4X = b thatis equivalent to the system (2.28). If the
system is homogeneous, that is its equivalent matrix equationis 4X = 0, with
A € ol mn(R), each equation is of the form

a X, +a,,x,+...+a,x, =0 (1<i<m). (1.34)

The solution of and equation of the form (1.34) is the kernel of the LF whose
coefficients (usually in the standard basis E ) are just the entries of the i-th row
of matrix A. If we denoteby f;(X) theleft-hand side of Eq. (1.34), it follows
from Eq. (2.30) in 8 1.2 - page 44) that the solution set S (in fact subspace) of
such a homogeneous system is the common kernel of the m linear forms :

S = {XeR": AX=0} =) Kerf,. (1.35)
def F_

i=1
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Bilinear Forms

The bilinear forms are (also, like the LFS) scalar mappings of two vector
variables. More precisely, a bilinear form (BLF) is a function defined on two
(possibly different) vector spaces over the same field F (or K, as it is denoted
in some textbooks of LINEAR ALGEBRA, e.g. [E. Sernesi, 1993] ) and taking values
inF / K.Infact, a BLF is defined on the Cartesian product of two vector spaces
or of the same space by itself. The formal definition of a BLF is

Definition 1.5. Let U & V be two vector spaces over the field K (=R / = C).
A mapping f: U x ¥V —> K is said to be a bilinear functional (or bilinear
form) if it satisfies both of the following properties (or axioms) :

(VA A, eK)(Vx,,x, e U)(VyeT)

1.36
(BLEY { Jx + 0y x5, ¥) =y f(x1,p) + Ry f(x5,). =)

(V 1y, € K)(VXEU) (Y yy,p, € 7)

(BLFZ){ SOy + 1 02) = B fGE ) iy £y oD

o

Remark 1.6. Property (BLF,) represents (for a fixed y € V'), the linearity of
f in its first argument, while (BLF,) postulates the linearity in the second
argument of f (for a fixed x € V). Hence, many of the properties of linear
forms, earlier presented, hold for bilinear forms, too. Thus, the property (LIN)
can be extended - for each of the arguments - to linear combinations of several
vectors, as stated in

PROPOSITION 1.5. If f: U xV — K isabilinear form, then

(VA Mg eesh, € K)Y (VX %y,..x, €U) (VY ET)

@ f(f}l,-x,-,y] -3, 75, -
Vpb,,esn, e K)Y(VXeU)(Vy,,y,,..,EV)

W f szl u,-y,-) JEI b 5,3, (:39)

Proof. The proofs of (i) & (ii) can be effectively performed by induction
on m/n (respectively), but they may be omitted since these properties follow
from PROPOSITION1.1in §2.1 and from Remark 2.1. u



The two properties (1.38) & (1.39) of extended linearity can be written in
a matrix form, using appropriate notations - similar to those of (1.3) in the
previous subsection (on LFs).

X=[x,x,...x,] and A = ; (1.40)

m
Y=[y,y,---y,] and M = ”2 . (1.41)
M, |

With these notations in (1.40) and (1.41), the linear combinations that occur
in (i) & (ii) of the previous PROPOSITION may be (respectively) written as

Ax, = AT-XT = XA =) x, A, (1.42)
i=1 i=1
Dy =My =9 -M=3yp. (1.43)
j=1 j=1

It follows from (1.38) with (1.42) that
F(Ehxp)= FAT-aT ) = AT p(a,y). (1.44)
i=1

Property (ii) or (1.39) with notation (1.41) becomes
f(xs%'M):f(xa@)‘M- (1-45)

Although the use of the “matrix notations” (thatis rows or columns whose
entries are vectors) is nothing new, let us write - explicitly - what mean two
notations that occur in (1.44) and (1.45).

Gy

Fext,yy =|TE2, (1.46)
f(xy09)

FG6Y) = LF @ vy) £ 9) e (w1 (L47)

Let us also mention that the symbol M that occurs in (1.41), (1.43), (1.45) is
not the Latin letter capital m but the Greek capital p.

The properties of extended linearity in each argument of a BLF can be
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combined, leading to the extended linearity in both arguments. The formula of
(combined) extended linearity, in both arguments, can be obtained from Eq.
(2.3) by replacing y with the linear combination of the N vectors
Y1>Vas+--»Y, €V thatoccursin (1.39). Alternatively, the same formula can be
obtained from Eq. (1.39) by replacing the vector X by the linear combination

of the M vectors that occurs in (1.38), thatis x;,x,,...,x,, € U. The explicit
form of the property of simultaneous linearity (in both arguments) thus
obtained (omitting the universal quantifiers + memberships) is

m n m. n (1.48)
f(E)“ixiaEijj)zz ;“iujf(xi:yj)'
i= j=

i=1 j=1

This formula (1.48) takes a much simpler (and easier to remember) expression
in terms of the matrix notations of (1.40), ..., (1.47):

FIAT- 2T, M) = AT £(X7,9)" M. (1.49)

The mid factor that occurs in (1.49) is an m-by-n matrix whose entries are the
values of the BLF on each possible couple of vectors from the two spaces,
respectively.

'f(xl’yl) f(xl,yj) f(xl’yn).
FEY) = Lf Gy 1 = | LGP oo fG03) e fxD,)

| F G e F i3 e F iy

(1.50)

A matrix of the form (1.50) is involved in defining the coefficients of a BLF
in a pair of bases.
Definition 1.6.If f: U x ¥ —> K is a bilinear form and U is spanned by
A=[a, a,...a,] while V'is spanned by B=[b, b,...b,] then the
coefficients of f in the pair of bases (A4, B) are the entries of the matrix

Fyp=f(4",B) = [f(a,,b)],,,- (L51)
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Clearly, the m-by-n matrix that occurs in (1.51) is obtained from (1.50)
for X—=A and Y — B. O

PROPOSITION 1.6. (The analytical expression of a BLF in a pair of bases).
If £: UxV —K isabilinear form with the matrix F, , = f(4',B) in
the pair of bases (4, B) then the value taken by f on the pair of vectors
(xe U,y e V) with

x=4X,=X; AT & y =BY, (1.52)
then

f,9) =X F, 5+ Xp. (1.53)

Proof. Expression (1.53) immediately follows from property (1.49) with
A=X, ¥"=4",9 =B, M=Y, and F, , of (151).

Expressions (1.52) of X and Y replace the two arguments of f in the Eq.
(1.52). [

Let us remark the simplicity of a proof like this, when the “matrix
formulations” are used. The expression (1.53) should be read as follows :

If the coefficient matrix of a bilinear form in the pair of
bases (4,B) is known, the value f(x,y) equals the scalar
obtained by multiplying F, , = f(4 T,B) atleft by the row of
the coordinates of x and, at right, by the column of the
coordinates of y (in the specific bases (4,B) of the spaces
(U, 7)).

This analytical expression also offers a practical and easy-to-apply rule for

calculating f(x,y) as illustrated by

Example 1.4. Let f: U x PV —> R beabilinear form with its matrix

0 -1 3 2
Fog=| 1 21 -2
-1 0 3 1
in the pair of bases 4 =[a, a, a;] & B =[b, b, b; b,] of U and V,
respectively. It is required to find f(-a,+2a,-a,;, b, +4b,-5b,).
Formula (1.53) with the given data leads to
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0 -1 3 2 }‘ 14
Sy =1-12-11-[ 1 2 1 =2 |-/ g|=[-12-1]-| 19|=58.
-1 03 1]|_s 6

]
BLF’s on the same vector space
A particular case regarding the (general) definition of a BLF is the one when the

two vector spaces it is defined on coincide, thatis U = V. Hence the mapping
is of the form

FiVxV—=K or f:VxV—R. (1.54)

In this case, Definition 1.5, Definition 1.6 and PROPOSITION 1.6 still hold, with
slight modifications regarding the memberships of the vectors there involved:

Definition 1.6'. Let V be a vector space over the field K (=R /=C). A

mapping f: U x ¥ —> K issaidtobeabilinear functional (or bilinear form)
if it satisfies both of the following properties (or axioms):

(VAL eK)(Vx,x,,y€EV)

BLF, 1.36'
(BLF.) { O, A0 9) = M fGip52) + g £y0). 50

(BLF.,) Vu,p,eK)Y(Vx,y,y,€V) (137)
> Sy v y) = f(x,y) + 1y f(x,0,). l

Definition1.6". If f: V x ¥ —> K is abilinear form and ¥ is spanned by
A=[a, a,...a,] thenthe coefficients of f inthe basis A4 are the entries of
the matrix

F,=f(4"%,4) = [f(a;,a)],, = [a]. (1.38)

not

PROPOSITION 1.6". (The analytical expression of a BLF in a basis).
If f:VxV—>K isabilinear formwith thematrix F, = f(4", A) inbasis
A of V then the value taken by f on the pair of vectors (x,y) € V with

x=AX,=XA" & y=47, (1.52)
then
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fGx,y) =X F, Y, =X, [a]-Y,. (153"

not

We do not rewrite the two extended linearities of PROPOSITION 2.1. Formulas
(1.48) & (1.49) hold without any change, but the memberships in the statement
have to be adapted (with {7 = y).

Remark 2.1. If the spaces U, ¥ in Definition 1.5, Definition 1.6 and
PROPOSITION 1.6' are respectively equal to R™ and R” and if the
bases 4, B are replaced by the standard bases in these spaces, that is
A=E_A B=E,, then the coefficients of f:R”x R"” —> R are the
entries of the matrix

FEm,En o [e] =[f(e;e")], . (1.55)

and the analytical expression a BLF in the standard bases is

fX,Y)=XT"F, . -Y=X"[e]T. (1.56)
m?>=n not

Certainly, this remark still holds if R is replaced by a general field F.

Inthecasewhen 7=V =F” or U =V = R", the coefficient matrix in
the standard basis is

Fy = f(B,.E,) = [f(e;e)l,, = [e]

and the analytical expressionof f:R”x R” —> R ,thatisof f(X,Y), is

fX,Y)=X"F, Y =X"[e]Y. (1.57)
n not

Practically, the analytic expression in terms of the components of X, Y € R”
is practically the same as in Eq. (1.56) but the matrix in the middle of the
product is square in (1.57) while it was rectangular in (1.56).

Example 1.5.1f f: R"x R” —> R ischaracterized by its coefficient matrix
in the pair of standard bases (E »E}) by

[e]=

2 -1 3 0
1 4 -2 -1
then
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1
F2317,[1 3 -1 2] =2 3]~ﬁ o _‘1’]- 3 -
2

=[7 10 0 -3]- = 31.

1
3
-1
2
U
The next example involves a bilinear form expressed in the basis E 3 of
R°.

Example 1.6. It is required to find the value f(X,Y) of the bilinear form

f:R"x R” —> R, knowing that

-1 0 2 2 3
F, =f(Ey,E;) =[el=| 3 3 0|, X=|2|&Y=| 1|.
’ not 2 4 -1 0 -1
Equation (1.57) with the data above gives
f(X,Y)=
-1 0 2 3 3
=[2-20]| 3 3 0| 1|=[-8-64]:| 1|=-34
2 4 -1 - -1

A problem met in the previous subsection for the linear forms should be
also approached for the bilinear forms :

Ifthebases 4, B inthespaces U, V arechanged to other ones, how change the
coefficients of the BLF f: U x ¥ —> K ? The answer is given by

PROPOSITION 1.7. (Changing bases and coefficients of BLF ’s).
If f:UxV —> K isabilinear form with the matrix F, p = f(4Y,B) in
the pair of bases A, B of the spaces U & V (respectively) and if

A=A by 4" =54 and B—B by B'=T-BT (158)

then the coefficient matrix of f in the new bases A, B is given by

Fi3=f(A",B)=8F, ,-T". (1.59)
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Proof. The proof of the formula (1.59) is essentially based on the one of
PROPOSITION 1.4. In fact the properties of extended linearity in both arguments
of a BLF, matriceally written in Eqgs. (1.48) - (1.49), should be also extended to
several vectors of scalars (with scalar components) multiplying, at left, acolumn
of vectors X " (as row vectors) and a row of vectors %, at right, by several

column vectors. These properties may be written, replacing ¥ by A and %
by B, as

JLT-AT",B)=LT-f(A",B)=L"-F

s & (1.60)

f(A",B-R) =f(AT,B)-R=F, ,-R. (1.61)

In(1.60), LT isamatrix consisting of k rows, each of them with m entries
provided dimU =m, while R is a matrix with { columns with n entries if
dim ¥V =n. For instance,

LT= & R=[M!M2...M']. (1.62)

Properties (1.60) and (1.61) can be taken together leading to

f(LT-A",BR)=L"-f(4",B-R) =L"-f(4",B)R=L""F, ;-R.

(1.63)

The last step in this proof consists in replacing, in (1.63),

LT = S & R— T7T. The resulting equation plus the connections from the
old bases, thatis 4 = 4 and B — B of Egs. (1.58), results in the formula
(1.59). |

The particular case when the BLF f is defined on the same space, that
is U =V, should be again considered. In this case a single basis A is involved,
and it is changed to a “new” basis as in (1.58), but we denote the single
transformation matrix by T :

A= Aby A" =T AT &= 4=4-T". (1.64)

Taking now, instead of the two-spaces a single space, adapting the two-bases
formula (1.59) with § = T, and also using the notations
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F,=f(4",4) =[a] and F;=f(4",4) = [a],
PROPOSITION 1.7 becomes

PROPOSITION1.7'.If f:V x ¥V —> K isabilinear form with the coefficient
matrix F, = f(A",A) inthebasis A ofspace V and if this basis is changed
asin (1.64) then the coefficient matrix of f in the new basis 4 is given by

F;=f(A",A)=T-F,-T"| or |[a] =T-[a]-T".| (1.65)

Let us illustrate PROPOSITION 1.7 by taking two changes of the bases for
the BLF and the two vectors considered in Example 1.4 (at pages 63-64).
Example 1.7. If the two bases 4 = [a, a, a;] & B =[b, b, b; b,] are
changed for two new bases, thatis 4 — ,Z with S and B — E with T where

_ |1 -1 1 -1
S=(0 1 1| and T = 2 00 2 (1.66)
L2 1 10 0
the coefficient matrix in the new pair of bases is, according to formula (1.59),
111|013 2 1 120
F; > = 01 1 1 21 -2 1 10 o0|°
(2.30) ]. 2 —1 —]. 0 3 1 0 _1 2 0
211 1] g ;2] [33 23
=10 2 4 -1 1 10 0| 4 3 -2 2]. (1.67)

We can use this “new” matrix for calculating f(x,y) for the two vectors
in the same example. Using the transformation method presented in § 1.1 -
PROPOSITION 1.6, - the coordinates of x, y in the new bases 4 & B can be
found by Gaussian elimination on the augmented matrices

[ST1X,] & [T"|Y,]:

10 1] -1 = _6
[STIX1=| 11 2| 2|~cn | I, | 2|=x;=|-2].
11 -1 -1 5 5

(1.68)
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P12 1] 1 |1 1
fyq_ |0 -1 0 1] 4| _ |1 B
[T1Y1=11 100 o Lo o= Y=,
0-120]-5 |5 5

(1.69)

With the new coordinates in (1.68) & (1.69), the value of the BLF is

3 3 23 11
fy)=[-6-25]-|4 -3 -2 2| |-
s s 063

11
1
-2
L 5_

=[-1 13 -8 8]- 58.

Therefore we have retrieved the same value as in Example 1.4 , that was found
using the initial bases. O

We close this section with giving the explicit analytical expression of a BLF.

In other words, we give the explicit forms of expressions (1.53) & (1.53),
respectively.

LB
If X, =[E & ... E ], Y= "f and F, , = f(47,B) = [@,],,,
N,
then the explicit form of (1.53') is

fG) =X 10,1, =33 o, &, (1.70)

Intheparticularcasewhen U=V = B =4, F, = f(4",4) = [a;],.n
and the coordinates of the two vector arguments in basis A are ’

X718 & . &1, Y, - |2
N,

then the explicit form of expression (1.17) is
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f(x,y) =X, [a,;]7, EZ%& ;- (171)

i=1 j=1

Therefore, in both cases (when f is defined on two different spaces or on the
same space), the analytical expression of f(x,y) is a homogeneous function
of order 2 in the coordinates &,,n; (1 <i<m/n)(1<j<n) of X,y inthe
considered bases (basis).

The same property holds for the BLFs defined on the “standard” spaces
R™x R", respectively R” x R”, The difference consists in what regards
expressions (1.70) & (1.71) if the vectors are expressed in the standard bases
E, of R™, E, of R”. In fact, the coordinates in these bases are just the

components x;, y; of the two vectors X, Y. The corresponding expressions
of f(X,Y) definedon R™x R”, respectively on R” x R”, are

f(X,Y)=X"[g,]Y = Z;E €, %, Y5 (1.72)
i=1j

fX,Y)=X"[e,]Y = E E €%, Y5 (1.73)
i=1 j=1

For instance, the explicit expression of the BLF presented in Example 1.6 is

-1 0 2
f(X,Y)=XT 3 3 0|Y-=
2 4 -1

=Xy YL F2X Y3+ 30, 3,0, 22Xy, AN Y, - X Y. (1.74)

Conversely, if a BLF is given by its analytical expression in the components

X5 Y of the two vectors X & Y, then its matrix in the standard
bases (E,,, E,) of R™xR", respectively E, of R”, can be immediately
written. The subscripts of x;'s in the terms €, %Y correspond to the row
index, similarly for the columns from Y 's and the coefficient g,; is just the
entry in position (, j). lfaterm g, PX Y does not occur in the expresswn of

f(X,Y) then g; = 0.

Let us close thls section with the problem of finding the analytic expression

of a BLF defined R™x R” or R”x R” by an expression of the form (1.74)
in another pair of bases (4, B) orinabasis A. The transformation matrix from
E,— A:R"=£(A)is S=A" while the similar transformation
E — B: R"= £(B) isperformed withmatrix T = BT. Withtheseremarks,
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the transformation formula (1.59) becomes

F,p=f(4",B)=A"f(E,,E,) B =A"[¢]"B. (1.75)

If the BLF is defined on the same space, that is on R”x R” and
E, = A: R"= £(4) thenthecorrespondingformulais easily obtained from

(1.75) by taking B=4 & E _=E,:

F,=f(AT,4) = [a] = AT-f(E],E))-A=AT-[e]-A4.| (1.76)

not
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8 3.1 - A APPLICATIONS TO LINEAR & BILINEAR FORMS

LINEAR FORMS
1-A.1 The linear expression of a linear form f:V—R in a basis

Aof Vis f(X,)=2& -3¢&,+5¢&,. Find a new basis

A' = [a'; a'y a's] whose vectors are respectively proportional
to the vector of basis 4 = [a, a, a;] so that the expression of
f in the new basis become FX,) =8, +E&,+E,.

1-A.2 Determine the real parameter A so that the linear form
f:R* —> R with the coefficients [A 2 -1 A] in the
standard basis E map the vector y - [-3 12 1]T
onto the value _g.

1-A.3 A basis and three vectors are considered in space R3:
1 1 2
A:a, =|1|,a,={0|,a;=| 1];
| 0 11 -1
2 1 0
X=|-1(,Y=|-1|,Z=|3|.
1 0 | 4

It is required to find the coordinates of the three vectors in basis A and

the coefficients of f in this basis knowing that

f(X)=3, f(¥)=1, f(2) =5.
Hint : The three vectors of coordinates can be simultaneously found by the
method of transformations (Gaussian elimination) on the augmented matrix
[4|X Y Z]. The coefficients f(A4) = [a] of f inbasis A can be determined
by solving the matrix equation [a]:[X, Y, Z,]=[3 1 5]. A previous
transposition is recommended.

The coefficients of a linear form f: ¥ —> R inabasis A and of

V are
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f(4)=la]=[3 -1 2 0].

Find its coefficients in the basis B obtained from A through the change

of matrix
2 3 2 2
11 3 2
T= -3 2 -1 -1}/
1 -1 1 3

Hint : The basis transformationmeans B=4+TT V BT =T-47 andthenew
coefficients f(B) = [B] can be found with formula (1.21) - p. 82in § 2.1.

1-A.5 Study the linear dependence / independence of the three linear
forms defined on R* whose coefficient rows are written
together giving the matrices A and B below ; in the case when the
LF’s are dependent, find a dependence relation among them. In
which space is this exercise stated ?

2 2 7 -1 3 2 -5 4
a) 4=|3 -1 2 4|; b) 4=|3 -1 3 -3].
1 1 3 1 3 5 -13 11
1-A.6 Find the common kernel for each set of linear forms in the

previous exercise.

1-A.7 The linear form f: R* — R is given by its analytical

expression
J(X)=3x,-5x,+4x,. (1.77)
Find its coefficients (and write its analytical expression) in the basis
1 1 -1 -1
A:a = _% , a, = _} , ay = % , a, = _(1) . (1.78)
0 1 1 1

Find the value of f(-a,+ 3a,+ 2a, + a,) using both the
standard basis and the basis A in the statement.

Hint : The analytical expression (1.77) can be used after effectively finding the
argument of f as a vector in R*, using the vectors of (1.78). The same value
can be found working in basis A but this needs to find the coordinates X, and
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the coefficients [a] = f(4) in the basis (1.78). The coordinates X, appear
under f in the statement, and the coefficients [a] can be easily found either

by the appropriate formula in § 3.1 or by using (1.77).

1-A.8 The function Tr: o#,(R) —> R is defined, for any square
matrix 4 € o//n(R) —= R Dby

Trd =), a;;.
i=1

TrA is called the trace of matrix A. It is required to check that this

function is a linear form on the space of square matrices of order n.
Hint : A linear combination of two matrices, for instance A 4 + p B, should be
taken as the argument of the trace function.

Find the linear forms f(X)=[e]lX such that
([0 1-1]")=0 and f([-2 1 1]7)=0.
BILINEAR FORMS

Establish which of the following mappings are bilinear forms :

®  f:RxR—>R, f(x,y)=(x+a)(y+b)
with a,be R;

@  f:RxR—=R, f(x,y)=x*y, ke N;
® SR XR? — R, f(X,Y)=x;y,+ Xy, +...+X,p,;

f:C'xC" — C,
JX,Y)=Re(x; +x, +...+x, ) Im(y, +y, +...+y );

® f:oll,(RYx o/,(R) — R,

f(4,B)=TrA-TrB;
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f:POL (R)xPOL (R) — R,

11
® f(p,q) = ffp(x)q(y)dxdy;
00

@ f:POL_(R)xPOL_(R) —> R,

f(p,q)=p(0)q'(0).
1-A.10 Given the bilinear form f: R*xR* — R,

f(X,Y)= 2x1y1+ X,y t +3x3)’3 X4V T Xy Yy

write the coefficient matrix of f in the standard basis E of R*
and then in the basis

1 0 0 1
4:q = 1 _11 _11 _10
e RO PN Pl Il PR PR
1 1 0 2
A bilinear form f: Ux ¥V —> R is given by its matrix in a
1-A.11 .
pair of bases A, B:
1 3 4 2
F,p=|-1 01 -2/
215 0

It is required to find its matrix in the pair of bases A , B obtained
from the initial bases by the (respective) transformation matrices

_ 2 00 2

I-10 -1 -2 3 0
§=/0 1 1| and T = , respectively.

4 1 0 2

b= 141011

It is also required to compute f(x,y) where x=2q, - 5a, + 4a,
and y = b, -2b, - b, + 3b,, using the analytic expressions (or
coefficients) of f in both pairs of bases (4,B) & (Z , B ).

1-A.12 | Abilinear form f: ¥ x ' —> R is given by its matrix in a
basis A of V, namely
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1 0
12
4 -5

[a] =

LWON

It is required to determine the rank of f (=rank[a]), its
value f(x,y) for x=2a,-a,-a, and y= -a, - a,, and also
the matrix of f inanew basis B obtained from A by

1 -1 -1
BT=]1 1 1/[-4".
1 0 -1

Itis also asked to find the coordinates of the vectors x, y inbasis Aand
to check whether the value f(x,y) is retrieved when it is computed
with the analytic information in the new basis, that is with

[B], Xz, Y5.

1-A.13 Write the matrix (in the standard basis E, of R%) of the BLF

S, Y)=2x,y, + XY, + X, ¥ + 2X, 1, + 2X3 95 + 3%, ),.
Then find the matrix [B]= f(BT, B) of f in the new basis

1 0 1 0
1 0 -1 0

B:b=|olsby=[1]>85=| gl Ba=lg |-
0 0 0 1

Finally, calculate the value f(X,Y) for
X=[302-2]" and Y=[0 0 -1 -4]"

using both the analytic expression and the analytic information in
the new basis, thatis [B], X3, Y.




