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§ 2.3 SYMMETRIC BILINEAR FORMS AND QUADRATIC FORMS

The basic definitions and properties of the bilinear forms (abbreviated BLFs) were presented in the
previous §2.2. Before giving the formal definition of the symmetric BLFs, let us mention that a
symmetric BLF admits its arguments x, y to be interchanged without changing its value.

Definition 3.1. LetV be a vector space over the field K(=R). Amapping f: VxV — K
is said to be a symmetric bilinear functional (or a symmetric bilinear form) if it satisfies both
(BLF,) and (BLF,) of Definition 2.1 plus the symmetry property

(Symm) (Vx’y € V) f(y,x) =f(x,y)' (31)
¢

Remarks 3.1. In the case when the space V is defined over the complex field C, it is possible
(and appropriate) to define the so-called Hermitian BLFs which satisfy a specific version of the
symmetry property (3.1), namely

(Vx,yeV) f(y,x)=f(x), (3.2)

where z denotes the conjugate of the complex number z: z=x+iy = z=x-1iy.

Animmediate consequence of Definition 3.1 regards the coefficient matrix of a symmetric BLF
inany basis A of V: if f isasymmetricBLFon ¥ =£(4) then its matrix in the (arbitrary) basis
A is symmetric
= [a] = [a]™. (3.3)

F =F; = (Vi,j) a;=0,

This obvious property directly follows from Def. 3.1. Indeed,
(V i,j) a;; = f(aj, ai) = f(a,-: aj) =0; = [a] = [G]T-

Definition 3.2. If f:V xV —> K isasymmetric BLF then the kernel of f is (the subset of
V) defined by

Kerf={xeV:(VyeV) f(x.y) = 0}. (3.4)

Remarks 3.2. This definition of the kernel of a symmetric BLF seem to be somehow asymmetric
(as to the role of the two arguments). In fact, we could also consider the set

{yeV:(VxeV) f(x,y) =0},
but it is identical to Ker f just because of the symmetry of f.

It is convenient to employ a simpler notation for defining the kernel of a symmetric BLF, and also for
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stating / proving other properties of such BLFs. It is grounded on o more general way to write the values of
a function taken on a whole (sub)set : if f: 7 —> K and 4 c U then

{f(x): (V)xed} = f(4) =K. (3.5)

not

A similar notation may also be used in more general cases, when the argument taking all possible
values in a certain (sub) set or (sub)space is one among several variables. For instance,

{f(x,y,...): (WVx€d)} = f(4,y,...). (3.5)

not

With such a notation, the definition of the kernel of a symmetric BLF - Eq. (3.4) - becomes

Kerfd=f {xeV: f(x,V)=0}. (3.4)

As we saw for the kernel of a linear form (PROPOSITION 1.3 in 8§ 2.1), this subset is in fact more
that a subset of the vector space: it is a subspace.

PROPOSITION 3.1. If f: V' x V —> K is a symmetric bilinear form, then

Ker f € gy V- (3.6)

Proof. We have to check that the subset defined by (3.4) / (3.4') is a subspace since it is closed
under arbitrary linear combinations of (two) vectors. Let us recall the property (BLF,) from

Definition 2.1' of §2.1:

{(vxl,xzeK)(prxz,yEV) (3.7)

SO xy + 0y %55¥) = M f(x159) + Ay f(%5, 7).
This property with a notation of the form (3.5") becomes
(VALAMEK)(Vx,x,€V) f(hx +hyxy, V)= A f(x,, V) + ]k, f(x,, V). (3.8)

But, by definition (3.4),
x,x, EKerfcV=[x,x,eV & f(x,,V)=f(x,,V)=0] =
(.8)

(VALMeK)(Vx,x, €V) f(Mx;+Xx,,V)=0+0=0 = A x; +A,x,€ Ker f =

= (3.6).
[
Remark 3.3. Since the kernel of a symmetric BLF is a subspace, it necessarily contains the zero
vector 0, hence it is always nonempty. According to the inclusion relations (3.6) in Remark 3.2 of
§ 1.3, for any symmetric BLF f, [J0} c Ker f c V.

The two extreme cases in the previous Remark correspond to the situations when only the zero
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vector 0 is mapped onto 0 € K by f(x,V), and to the constant zero BLF f(V,V) =0,
respectively. A characterization of the kernel of a symmetric BLF (with respect to a certain basis in

V) is given by
PROPOSITION 3.2. If f: ¥V x V —> K is a symmetric bilinear form and A =[a,:i=1,n]
is a basis of space V , then

xeKer « (Vie {1,2,...,n}) f(x,a,) =0. (3.9)

Proof. (=) This implication immediately follows from (3.4) in Definition 3.2 since, for any
i€ 1,n, a,e V. («) Let us now show that the 1 equations in (3.9) imply (3.4), that is the
membership x € Ker f. Forany ye€V, y islinearly expressible in the basis A :

(F'[nyny---n,1T€eK)y=4Y, «= y =) n,a, (3.10)
i=1
According to Eq. (2.4) of PROPOSITION 2.1 in §2.2,
X, = X, ,a;) = f(x,a;) = 0=0. (3.11)
fey) s f(wXma) = Yo fa) = 3
Hence x € Ker f and the proof is complete. [

Remark 3.4. Let us remark that the n equations in (3.9) are equivalent to a homogeneous system
of matrix F 4+ Indeed, these N equations can be expressed, using a matrix notation, as

Fx,A)=0" == f(X[ AT, 4)=0" =
e X, f(4T,4)=0" = X;-[a] =07 < [a]-X, =0. (3.12)

The last equivalence in (3.12) follows by transposition and by symmetry of matrix [a]: see (3.3)
at page 101. Hence the coordinates of any vector in the kernel of the symmetric BLF f, with its
matrix f(47,4) = [a] inbasis A, should satisfy the homogeneous system

[a] X, = 0. (3.13)

Hence the column vector of the coordinates of x € Ker f is given by the general solution of the
homogeneous system in (3.13).

This remark gives the ground for stating and proving a property that involves the dimension
of Ker f. But its statement needs another notion to be previously introduced.

Definition 3.3. Let f: ¥ x ¥ —> K be a symmetric BLF. Therank of f isequal to the rank
of its coefficient matrix F, inany basis A of V:
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rankf;f rank F,: A = abasisof V. (3.14)
o

Certainly, the rank could be defined for more general BLFs of the form f: U x ¥V —> K as
the rank of any of its matrices in a pair of bases, F B
general bilinear forms. By the way, we briefly mentioned the rank of a BLF in an exercise of § 2.2-

A 2-A3.

but this notion is less relevant for such

PROPOSITION 3.3. If f: V xV —> K is a symmetric bilinear form (of rank = r) then

rank f + dim(Ker f) = n = dim V. (3.15)

Proof. According to Remark 3.3 , the coordinates of any vector x € Ker f should satisfy the
homogeneous system (3.13), whose matrix f(47,4) = [a], , is of rank = . As it is known

from 88 1.2 - 1.3, the subspace of the solutions S of such a system satisfies the equation
dimS =n-r. (3.16)
But S isjust Ker f, therefore dim(Kerf)=n-r = (3.15). |

Example 3.1. Let f:p xy —> R beasymmetric BLF whose matrix in a basis A of V IS

1 2 3 1
T o 12 -1 1 -3

f44)=1lal, .= |5 1 4 | (3.17)
1 3 2 -4

It is required to find Ker f, rank f and to check Eq. (3.15) on this example.

We can look for the set of solutions of thee homogeneous system (3.13) as the nullspace of the
coefficient matrix of f. By (3.17),

1 2 3 1 1 2 3 1 101 -2
211 -3 0 -5 -5 -5 011 1

el=13 1 4 2|05 5 5| "lo0o0 o (3.18)
1 -3 -2 -4 0 -5 -5 -5 000 0

Hence the general solution of this system, giving the coordinates (in basis A ) of a vector in Ker f,
can be derived from the last matrix in the sequence of transformations (3.19) :

-A+2p -1 2
~h - -1 -1
X,(\,p) = x” =A [t Rr| , (3.19)

u 0 1
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It follows from (3.19) that the general form of a vector in Ker f is
x(,m) = (h+2p)a,-(h+R)a, + Aay + pa = (3.20)
=A(-a,-a,+ay)+pn(2a,-a,+a,). (3.21)

Thus, dim Ker f = 2 since the vectors between (...) and (...) in (3.21) are clearly independent, and
rank f = 2 asit follows from the quasi-triangular form of the last matrix in (3.18), which is rank-
equivalentto f(A4T,A4) = [a]. Hence Eq. (3.15) is checked. O

Definition 3.4. Let f: V x ¥ —> K be a symmetric BLF. Two vectors x,y € V are said to
be orthogonal with respectto f if f(x,y) = 0. In this case we write x L, y. Hence,

x1,y & f(x,y)=0. (3.22)
def

O
A couple of immediate properties of this binary relation of orthogonality (with respect to a
given symmetric BLF) can be stated :

PROPOSITION 3.4. If f:V xV — K is a symmetric bilinear form on space V then :
(i) xl,y &= yl,x;
(@) (VxeV) 0L .x;
(i) XxLpoupuy,.. U, = (VA,A,,...,A €K)
XLehjug+hyuy+.o.+h, u,.
Proof. (i) Immediately follows from Def. 3.4 and from the symmetry of f.

(#i) is a consequence of Remark 3.3 : if (at least) one of the arguments of a symmetric BLF is the
zero vector 0 then f(0,x) =f(x,0) = 0. This equality also follows from the linearity of any
BLF (not necessarily symmetric) in each of its arguments : for an arbitrary vector u € V,

SO, x)=f(u-u,x)=f(u,x)-f(u,x)=0.

(iii) also follows from the Definition 3.4 and from the extended linearity of any BLF (in the second
argument): see Eq. (2.4) in PROPOSITION 2.1 of § 2.2 (page 87). Indeed,

FOo, Mjuyg+hyuy+o +h u )= A, f(u) (3:)20 =0 = (iii).
i=1 22) =1
|

The relation of orthogonality may be extended from vectors to subsets or subspaces of vector
spaces, as follows :

Definition 3.5. Let f: ¥V x ¥V —> K be a symmetric BLF and
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UWcV or U, Wgsubsp V & xeU.
Then
x1, W ? f(x,W)=0 & (YweW) f(x,w)=0; (3.23)
UL W e f(UW)=0 & (YuecU)(VweW) f(u,w)=0. (3.24)
def
If U,wc subsp V and (3.24) is satisfied then W is said to be the orthogonal (subspace) onto U and
itis denoted W= U™/ orsimply W= U+ when f isunderstood. O

Properties of the orthogonal subset (subspace) onto another subset (subspace) are stated in

PROPOSITION3.5. If f: ¥V xV —> K isasymmetricbilinear form on space Vandif Uc v

or Uc subsp V then :

(1) Ulf;subspV;
(i) if A={a,a,,...,a,} spans U then y e U/ + (Vi:l<ism)yi a,.

Proof. (i) will be proved using Definition 3.1" (in § 1.3, Eq. (3.3)) of a subspace. Let us
consider two vectors y,,y, € W=_ U “7 and two arbitrary scalars A, A, € K. According to
(3.24)in Def. 3.5, (Vu € U) f(u,y,) = f(u,y,) = 0. It follows that

NVuelU) f(u, My, +hyp) = A f(u,p)+ Ay f(u,y,) =4 0+%,0=0. (3.25)
But (3.25) shows that W = U/ isclosed under arbitrary linear combinations of two vectors, hence
(1) holds.
(ii) Implication ( <) follows from Def. 3.5, that is from (3.24) with W= U *7C, u=yand
w=a,i=Tm = f(y.a)=f(y.a) =...= f(y,a,) = 0. But

U=2{{a,,a,,...,a,}) = (Vuce U)u=f:kiai =
m ik m
> (YueU) fwy) = (X ha,y) =1k, fa,) = 1020 = ye U™,

The converse implication ( = ) uses the hypothesis that @ = {a,, a,, ... ,a,} spans U, hence
®@={a;,a,,...,a,} cU = Yi,ay, a,,....a,.
[ |

Remarks 3.5. In the statement of PROPOSITION 3.5 we have admitted both variants, that is
UcVor Uc subsp V. Indeed, it is not essential for U to be a subspace of V : it may be a simple

subset, but its orthogonal W = U7 is a subspace. As regards the orthogonality relation between

a vector and a subset or subspace - see (3.23) - or between two subsets /subspaces defined by
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(3.24), the symmetric relations may also be considered :

Ui,y 4? f(U,y)=0 < (VuelU) f(u,y)=0; (3.23)
UJ.fWﬁ? f(UW)=0 & (VueU)(VweW) f(u,w)=0 <

= (VweW)NVuelU) f(u,w)=0 = f(w,u) <§=f> wi,U. (3.24"

An example would be useful for illustrating this relation of orthogonality with respect to a
symmetric (as well as the properties in PROPOSITION 3.5 ).

Example 3.2. Let f: R®*xR3> —> R be a symmetric BLF whose matrix in the standard basis
E of R?is

2 -1 0
f(ETE)=[el, ,=|-1 3 2| (3.26)
0 20

It is required to check that [2 -1 21" 1 sI1 2]" and then to find U™ knowing that the
subspace U is spanned by a@,=[3 4 -1 " & a,=1[2 3 -21%.

Using the analytical expression of a BLF f: R3xR3*> —> R in the standard basis, that is
(2.13) in §2.2, we have

2| [1 2 -1 o] [1 1
fll-1], 01 =12 -1 21-|-1 3 2]|-[1|=[5-1-2]-]1]=0.
2| |2 0 2 0|2 2

In order to find a general vector Y in the orthogonal U™/ of the subspace U = £( {a,,a,}), we
have to impose the conditions stated in (ii) of PROPOSITION 3.5 for the two vectors spanning U':

34 1] [2710
FlanY) = flay, 1) =0 > |3 3 _2}- 1 3 2[-v-=o0. (3.27)
0 20

But the matrix equation (3.27) is, in fact, a homogeneous system whose matrix is

T _
a, 278 [13 6] [10 18
ol lelss =7 3 6}~ 01 -4|7 |01 -4] (3.29)

The last matrix in (3.29) offers the general solution of the homogeneous system (3.27), hence the
required vector y e 7'/

~18A
Y(h)=| 4X | with y,=A.
y
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Hence the orthogonal subspace of 777 is spanned by the vector

-18
b=| 4
1

The example is over, but let us see a simple way to check this result. It suffices to compute

f([al az]T»YO“)) or

2 -1 0| |-18 -18
T _|3 4 -1 |_ . _12 7 8, _ |0

O

In what follows, a new type of mappings is defined and some of their properties are presented.
Quadratic Forms

Informally, a quadratic form (abbreviated Q-form) is also a scalar mapping but its argument is a
single vector in a vector space and not an odered pair of vector (as it was the case with the bilinear
forms). A Q-form is associated to a symmetric BLF. Its formal definition follows.

Definition 3.6. Let f:VxV —>K beasymmetric BLF. The mapping ¢: V —> K
defined by

(Vx€eTV) @(x) =y f(x,%) (3.30)

is said to be the quadratic form associated to f (or induced by f ).

Some of the notions and results on / regarding the (symmetric) bilinear forms are connected with the Q-
forms. For instance, if 4 = [a, a, ... a,] isa (finite) basis spanning the space V, then the matrix

of the Q-form ¢ : ¥ —> K in this basis is simply the matrix in of the symmetric BLF f itis
associated to, by Def. 3.6 - (3.30) :

fA",4) = [a,],, = [a] with o, = f(a,,q)). (3.31)

According to the property (3.3) given in this section, the matrix of a Q-form in any basis of the
space is symmetric :

[a] = [a]” since a;; = f(a;,a;) = f(a;,a;) =a,,. (3.32)
Asregards the analytical expression of a quadratic form in a (fixed / given) basis A, it follows from
definition (3.30) and from Eq. (2.17') in § 2.2 replacing ¥, by X, and F, , by F, = [a].
Thus, if the argument of the Q-formis x = A X ', then
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O(x) = gor [(3,%) = X [0] X, (3.33)

The explicit analytical expression of the (“value” of) a Q-form in terms of the coordinates
X, =1& &,... &n]] of x € V follows from formula (2.23) in § 2.2 of [@C, 1999], also by
replacing Y, for X, :

@(x) =g Sx,x) =) Y 0,8, (3.34)

i=1 j=1

Expression (3.34) gives the reason for using the term of “quadratic forms” :  ¢@(x) of Eq. (3.34)
is a homogeneous polynomial or order two in the coordinates &, (i = 1,n) of X inbasis A, hence
it is a quadratic function in N variables.

In the particular case when J =K"” (=R") = ¢:K"—>K (¢ : R”—>R), the
analytical expression of a Q-form with matrix notations as in (3.33) or under its explicit form of
(3.34) are obtained from these formulas by replacing X DX &E Dx (i= m) .

PX) =4 (X, X)=X"[e] X = E E €, X, X (3.35)

i=1 j=1

Kernels of Q-forms. The kernel of a quadratic form as defined by Def. 3.6 - Eq. (3.30) is given
by

Kerg = {(xeV:@(x)=0eK}. (3.36)

In fact, this subspace is just the kernel of the symmetric BLF f “staying behind” the quadratic
form @, according to (3.33).
Remarks 3.6. Other earlier defined notions (and properties - stated and proved) for the symmetric
BLFs can be naturally transferred to the quadratic forms. Let us mention the practical way to find
the kernel of a Q-form @ as the kernel of the BLF f that defines @, as the solution subspace of
the homogeneous system (3.13) :

Kergp =Kerf = S={xcV:x=4X, & [a]X,=0}. (3.37)

(333) (.13)

If the quadratic form ¢ is defined onspace J = K” (=R") = ¢: K"—> K (¢ : R”—>R),
and it is derived from the analytical expression of f or from the coefficient matrix thereof in the
standard basis E, its expression is of the form (3.35) and the characterization (3.37) of its kernel
becomes
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Kergp =Kerf=S = {XeV:X=EX & [¢]X=0}. (3.38)
(3.30) (3.35)

As regards the rank of @, it follows from (3.30) that
rank @ = rank f = rank F, : 4 = abasisof V. (3.39)
def

The definitionin (3.39) includes the casewhen @ : K”—> K (¢ : R”—> R) and then rank ¢
will be determined by means of @ 's matrix in the standard basis, [e] = f(E ™, E). Letus close
this discussion by the remark that the number of terms in the analytical expression of a Q-form ¢,
let it be either (3.34) or (3.35) theoretically equals n? but it can be reduced to

"+ n’-n _n(n+1)

2 2
due to the symmetry of @: if n? then
0,88 =0,88 =0,8E+0,88=20,5E. (3.40)

Conversely, if @ is given by its analytical expression (3.34) or (3.35) involving only n(n+1)/2
terms, its matrix in the corresponding basis will be written by a kind of symmetrization: the
coefficients 2a,; (or 2¢,;) will be written as 2 a,; = a,;;+ a;;, (a;; = a;;) and the two equal
“halves” of every coefficient of a term 2a;;&,&; will be symmetrically introduced in ¢'s
matrix [a] (and similarly for [e]).

Remark 3.7. Formula (3.33) gives the connection from a symmetric BLF to the Q-form it induces.
But there also exists a converse connection, as stated in

PROPOSITION 3.6. If ¢ : V—> K isa quadratic form, the symmetric BLF f that induces @
by Egq. (3.33) is given by

f(x,3) = 7leG+y) - o(x -)]. (3.41)
Proof.
@(x+y) = f(x+y,x+y) = f(x,x)+2f(x,p)+f(y,y); (3.42)
def (LIN)
O(x-y) = fx-y,x-y) = f(x,x)-2f(xy)+f(»,»). (3.43)
def (LIN)

Taking the difference (3.42) - (3.43) we get
e(x+y) ~@(x-y) =...=4f(x,y) = (341).

The proof is thus over. Let us however check connection (3.30) using expression (3.41) of f in
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terms of the Q-form @
fx,x) = 210(x+x) - @(x-x)] = 1 [0(x +x) - @(0)] = 5 40(x) = @(x): (3.33)
(3.41)

In deriving (3.41) from (3.42) & (3.43), not only the linearity of f has been involved but also its
symmetry. As regards the way we have derived (3.33) from (3.41) - taking y = x - two obvious
properties of a Q-form have been taken into account :

®(0)=/(0,0)=0 & @(2x) = f(2x,2x) =4¢(x). (3.44)

The last equality in (3.44) is quite natural for a quadratic function like a Q-form.

|

Example 3.3. Let ¢@: R® —> R bea Q-form whose analytic expression (in the standard basis
E of R?)is

(p(X)=4x12—x§+4x§+6x1x2—8x1x3+x2x3. (3.45)

It is required to write the matrix of @ (in the standard basis E ), to find its rank and kernel and to

calculate @ ([-1 2 51%).

The matrix in the basis E of R* follows from (3.45), also taking into account one of the
Remarks 3.6 (mainly relevant for the terms with odd coefficients) :

4 3 -4
f(EVE) =[e]l,;=| 3 -1 1/2]. (3.46)
-4 1/2 4

(3.46) = det[e] = -49#0 = rank@ =3 = Ker¢ = {0}.

Formula (3.35) with the vector in the statement and matrix of (3.46) gives

4 3 -4 |1 -1
o([-1 2 51")=[-125]-|3 -1 1/2]|-| 2|=[-18 -5/2 25]-| 2|=138.
4 12 4|5 5

Diagonalization of the Q - forms

An important problem concerning the quadratic forms regards the possibility to “simplify” their
analytic expressions. In terms of the matrix-type formulations (3.33) and also (3.35), to obtain such
reduced expressions means to bring the matrix of a Q-form to a diagonal form : the off-diagonal
entries should vanish. Such simplifications can be accomplished by appropriate changes of basis,
which transform the matrix of a symmetric BLF f into a diagonal one ; see §2.2 - Def. 2.1 at page
35. The effect of such transformations on analytical expressions like (3.34) - (3.35) should be a
reduction of the n? terms in the respective sums to only # terms in the squares of the »

coordinates (components). A preliminary result - a consequence of a formula presented in § 2.2
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- PROPOSITION 2.3' with Eq. (2.29) - should be re-stated for the Q-forms.

PROPOSITION 3.7. If ¢ : V—> K is a quadratic form with its matrix F, = [a] in a basis
A of V and if the basis A is changed for another basis A4 by the transformation

A"=T A" &= A=4-T" (3.47)

then the coefficient matrix of f in the new basis A s given by

F;=f(A4",4)=T-F,-T"| or | [a]=T-[a]-T". (3.48)

It follows to see what kind of transformations have to be applied to the basis A in order to
obtain a diagonal expression / matrix for the Q-form ¢@. By the way, such a reduced analytical
expression of a Q-form is usually called a canonical expression and it looks like

n

@(x) =Y. c,& or (X) =4 f(X,X) = 2; dx}. (3.49)

i=1
Several methods exist for turning the analytical expression / the coefficient matrix of a Q-form
into a “canonical” expression line the ones in (3.49), what is equivalent to bring the matrix [a]
(and similarly for [£]) to a diagonal form. The coefficients ¢;/d; that occur in (3.49) could be
the diagonal entries in the transformed matrices in (3.48). That is,

i , / d;=B, for E = B with f(BT,B)=[B]. (3.50)

The variables with bars denote the new coordinates of the argument vector after the change of

o = _rE I3 £ 1T = Y =[x X ...x 1=
basis: B =[& ...&,...& 1T=X;, X=[x, ... x;... x,]" = Xp.
Some of the methods we are going to present operate on the analytical expressions, other ones
operate on the coefficient matrices.

I. Gauss’s Method

This method operates on Q-form’s analytical expression(s), thatis (3.34) or (3.35). More precisely,
the coordinates of x inbasis 4 / thecomponentsof X e R” V X € K” are transformed into new
ones via a chain of linear transformations. We present the essentials of this method in the latter
case, thatis fora Q-form ¢ : R” —> R ; takinga more general field K instead of the real field
R would be a fake generalization. Hence the transformations should change an expression like
(3.35) into a canonical expression of the form (3.49), with the (second) notation in (3.50). This
change of the coefficients ia achieved by linear transformations on the components of
XeR"” VXe K" of the form

X->Y=LOX,Y>Z=L®Y,... ., U>X=LM™(. (3.51)

The matrices L® = [ij] (1 <k <m) are square matrices, whose entries ij have to be
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determined. The idea behind this method is to eliminate the terms in expression (3.34) or (3.35)

containing products of the form X;X; (i # ). In other words, the coefficients al.];. with i # j
should be turned to zero. A rather intuitive description of the method follows. Since it is applied

to either of the two kinds of analytical expression (3.34) or (3.35) and also to the intermediate

expression obtained during the application of this algorithm, we denote the coefficients by g,
instead of g,; OF a (1<i,j<n), while 51_1, will denote the coefficients got after a step in a

chain of transformations as in (3.51).

G.1

G.2

G.3

G.3

If a,,#0, a,, istaken out as a forced factor from the group of terms containing x, :

aln

a
a11(x12 + 2£x1x2 + 0+ 2 xlxn). (3.52)

a1 a1
Next, the terms inside the parentheses of (3.52) are written as the square of a linear
function, minus the terms artificially added :

©2e2 825 o N Y UV =(X, +a, X, +...+a,, x )2 -8 (3.53)
1 1 %2 * .- 1%n 1t apX teotag,x, 2 :

an an

where Elj = alj/ a,,Jj= 2,n and S, contains just the artificially added terms. If we
denote

- S, + 2+2 + + 2
APyt ay X%, y3XpXy +...%4d,, X,

=T,, (3.54)
this T,isa quadratic form in variables x,,x,,...,x, and let us denote it as

¢2(x2,x3,...,xn) =T,.

The first variable change to be applied is

YVi=XptapXx, t... a4, x,, X1ZN = 012Yy = s A1 Yy
Yy =Xy -1 Xy =Y

(Tl)' . = (Tl ). .
ynzxn xnzyn‘

This transformation (T,):X — Y changes the initial Q-form

e(X)=f(X,X) = Z Z a;; X;; = allxl2 + @,(x,,%5,...,x,) into
i=1j-1

OD(¥) = a3+ 0y(¥ys V3oeaer ¥,)- (3.55)

The procedure is continued with the Q-form @,(y,,y5,...,¥,) fromstep [ G.1| thru

and each such cycle creates another “perfect square” term like a,; J’12 in (3.55) until all
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the “mixed terms” are eliminated. If the last Q-form obtained after the n - th transformation is

oMUY =Y d,u;
i=1
then the canonical expression of the Q-form is
n PUETIR S
¢(U) = 9(X) =) d,%, . (3.56)
i=1

The last transformation leading to the canonical expression (3.56) is a simple change of letters /

symbols: wu, = x,, i =1,n. The matrix of this pseudo-transformation is just I .

A special case may occur, namely the one when the first coefficient in the initial analytic
expression (or the north-western entry in the initial matrix) is zero: g = 0. Inthis situation, a

preliminary transformation can be applied before the first step | G.1 |:

22
G.O| x,=u-u, &x =u +u, = X, x,=u; ~u, (3.57)

and te other coordinates / components are identically transformed (re-denoted). This
transformation (3.57) introduces a perfect square 2a;, ul2 and the algorithm is continued from
step | G.1 | with [ instead of X,

The way this GAUSS’s METHOD “works” will become more explicit through the following
Example 3.4. It is required to bring to a canonical (or diagonal) expression the Q-form
¢(X) = x12+ x22 + x32 - 2x§ = 2X Xyt 2X X3~ 2X X, t 2Xy%y —2X,%,. (3.58)

The first step in Gauss’s method starts by grouping the terms that contain x; and then (according
tostep G.2) by taking together the similar terms.

QX) = (xl2 - 2x,%,+2x,%X;-2x,x,) + x22+ x32 - 2xf+ 2x,X3 - 2X,%, =
=[(x,—x,+x5-x,)*- x22— x§ - xf +2X, X5 = 2%, %, + 2X5%,] +
+ x% + xg - 2xi+ 2x,X%3-2X,%, =
= (X, - xy+ x5 - x4)2 - 3xf+ dx, %y — 4X, %, + 2X5%,. (3.59)
The expression in (3.59) determines the first transformation (T 1) of step G.3:

VITX™ Xy T X3 7 Xy,

(T)): : (3.60)



2.3 SYMMETRIC BLFs & QUADRATIC FORMS 91

(359) & (3.60) = @M (¥) = yi + 0,(¥y,¥5,¥,) =
=y12_3yZ+4y2y3_4y2y4+2y3y4' (3.61)
Proceeding as earlier, the terms of @1 (Y) can be grouped and rewritten as

2 2
O (Y) =y, -3y, +4Y,y3 = 4,9, + 2V, ¥, =
2 2
=N +4(y2y3_y2y4) +2y,¥, - 3y4- (3.62)

The two terms inside (. .. ) of (3.62) would have to produce the square of a linear form, but no
term in y22 exists. Consequently, a transformation of type (3.57) should be applied :

2 2
Vo= Uy~ Uy & Y=yt Uy = Y,y =uy —u3. (3.63)

Variables V; & ¥, are simply re-denoted, ¥; = %, & y,=u, and, with (3.62) & (3.63) we
get
2 2 2 2
OPWU) =uy +4(uy —u3) - 4(uy—uy)uy + 2(uy +us)u, — 3uy =

2 2 2 2
=uj+duy -4uy; -4uyu,+2uyu, +dusu, + 2usu, - 3uy, =

2 2 2 2
=u; +(4uy -2u,uy) - 4u; + 6uzu, - 3u, =
2 21 2 2 _
=uy + 4(u, —;u2u4)—4u3 +6usu, - 3u, =

2 1 \2 1.2 2 2

_ 2 1, y2_ 13 2 2 _
—u1+4(u2—zu4) — o Ua—duy+buju, =

2 1 2_3 132
=u; +4(u, - Zu4)2— A(uy - Juzu,) -~ uy =

=i+ 4y~ ) 4wy - ) - g - g =
4 4 16 4
2 1 3 61 2
=uy +4(u, - Zu4)2— 4(u, - " u4)2 - Ui (3.64)

A final transformation can turn expression (3.64) into a canonical expression.

X, =uy,
- 1
Xy = Uy = LUy
(T,):y_ 3 (3.65)
X3 = Uy = LUy,
Xy =uy,
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(3.64) & (3.65) = @ (X)=@(X)=x]+4x; -4%} - %;?42. (3.66)

Comment. The transformation in (3.62) was applied for illustrating how a square can be formed
when it does not exist: this was the case with the group of terms containing ¥, in(3.61). However,
it was possible to operate another grouping of the terms containing », since y, existed in
expression (3.61). We go along this idea below.

2 2
(P(l)(Y) =y; — 3y, + 4y2y3_ 4y2y4+ 2y3y4 =
2 2 4 2
=¥ - 3(y4 + §y2y4_ §y3y4) + 4y2.V3 =
2 2 1 4 2 1 2 4
=y1 = 3[(a+ 5y 3¥) g Ya g Ys t S Yaysl t 4y, s =
2 1

2 2 1 4 2 8
PO O T S S PR S S P O (3.67)

The last three terms of (3.67), in ¥, & ¥;, must be further grouped for turning them into the
square of an LFin y, & y; + atermin y22 or y32 . Let us denote this Q-form by

4.2 1.2 8 _ 4,2 2y _
O3(¥pY3Y4) =5 Y2t Y3t VY3 = (V2 ¥ 23t L ys) =

4, 2 1 2 4 2 1 2
=S 2+ 20 3)* 5 v5 =5+ 32—yl + 5y =
=2 (3, * ) s (3.68)

It now follows to apply another change of variables, namely

X =¥
N Xy =Yy * V35
(T iz -y, (3.69)
~ 2 1
X4 =3Y27 3V Vs
(3.67), (3.68) & (3.69) = P (X)=#%2+ 253 - %3 - 3% (3.70)
Il

As a final remark to this example, let us see that Gauss’s method is not very easy to be applied,
especially to Q-forms defined on many-dimensional spaces; in this case, on R*. But this method
is applicable to any Q-form, yielding a canonical expression. On another hand, at certain steps of
the transformations, several ways to group the terms can be selected. As a consequence, several
final canonical expressions will result. In our case, the canonical expressions (3.66) and (3.70) are
different, but the numbers of positive, respectively negative terms are the same. This illustrates an
important property of the Q-forms that will be approached a little later.

Another method to diagonalize quadratic forms is
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II. Jacobi’s Method

This method operates on the matrix of a Q-form (in a certain basis). However, the effective
transformations of basis (or on the coordinates / components of the vector argument) that lead to
the respective canonical / diagonal expression can be identified.

J.o | The matrix of ¢ in a certain basis should be available. If the Q-form ¢ is given

by its analytical expression (in the coordinates X, =[&, &, ... £,]17 or in the
components of X =[x; x, ... xn]T), the matrix [a] = f(4T,4)or [e]= f(ET,E)
should be written.

J.1 | The “north-western” minors of matrix [a] or [€] are calculated :

‘0‘11 L3P)

Oy Oo

Ag=gr 1, Ay =ay, A,

yoos A = det[a]. (3.71)

J.2 | If all the determinants in the chain (3.71) are # (, then ¢ admits a canonical (or

diagonal) expression, namely

- _ no_ A,
¢ (X) =) d, x, where d, = A" ,i=1,2,...,n. (3.72)

i=1 i
Remarks 3.8. A special situation occurs when not all the determinants in (3.71) are # 0; for
instance,

rank[o] =r<n=dimV = A, =A_,=...A =0. (3.73)

r+2
However, in the hypothesis of (3.73) on the rank of the matrix, a reordering of the variables (by
simply reordering them) would be theoretically possible leading to a chain of “north-western”
nonzero minors of the form

Oy Opp e Oy,
Ap=als Ay= oy, Ay=| o0 Ba2) A o %2 G2 e G 3.74
0 def 1> B1 70y By = o o dres BT : : ( )
21 %) : - :
U’rl a’r2 U’rr

such that a canonical expression of the form (3.72) (with I' instead of N ) exists :

- — LA A,
(p(X)=Edixi where d, = A’_l,i=l,2,...,r.
i=1 i
Example 3.4'. Let us illustrate this remark on the Q-form of Example 3.4. Let us recall the
analytical expression of that Q-form ¢ - Eq. (3.58) at page 90 :

¢o(X) = x12+ x22+ x32— 2x§ = 2X Xyt 2X Xy m 2X Xyt 2Ky X5~ 2Ky X, (3.58)
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Since the matrix of ¢ in the standard basis corresponds to the analytical expression (3.58) in the
components of vector @ we denote it as

1 -1 1 -1
111 4

[S]notAX_ 1 11 0 (3.75)
-1 -1 0 -2

It can be easily seen that the chain (3.71) of nonzero minors is broken since

It is possible to interchange the variables X, & x, of (3.58) by the simple transformation

Xy)=Yy & x4=Y,

while the other two variables keep their subscripts : X; =¥; & X; =y;. This transformation
changes both the analytical expression on (3.58) and the corresponding matrix :

2 2 2 2
QX)) P Y(Y) =y + Y4 +Y3 = 2Y; =291 Y4+ 291V =2V Y2+ 2V4V3 - 2,5 -

The matrix in (3.75) becomes

1 -1 1 -1
-1 2 0 -1

4= 01 1 (3.76)
1 -1 1 1

The chain of determinants (3.71) assigned to matrix (3.76) is
Ay=4el, Ay=1,A,=-3,A;=-1,A,=4.

The corresponding canonical expression in the components of ¥, by Jacobi’s formula (3.72), is

V(Y)=yl =3y +3y5 - V4 (3.77)

Since we used to denote the coordinates in the final (canonical) expression of a Q-form by

x;, i = 1,4, we may put

VITX T Xy Yy T X, T Xy, V3T Xy T X, Yy =Xy <X, (3.78)
and the final canonical expression is

~ oy_ T2 1=2 -2 122

(p(X)=x1—;x2 *3x5 -7 X, (3.79)

It can be seen that expression in (3.79) is somehow similar to the one in (3.69), and the number of
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positive / negative terms in all the three expressions (3.66), (3.70), (3.79) is the same. The
transformation in (3.78) could be written in a similar way as (3.69), but this is not an essential
point. O

However, a composition of transformations like the ones in Gauss’s method, in terms of
corresponding (triangular) matrices whose product is a matrix giving the connection

X=T"'X e X=T"X (3.80)

would make possible to identify the basis in which the initial analytical expression (3.34) / (3.35)
takes the canonical form (3.56). The transformations applied in the cycles of steps G.1, G.2, G.3
of Gauss’s method resultin a triangular transformation matrix : this results from the transformation
(T,) instep G.3 atpage 89, follow ed by the other transformations that eliminate, one by one, the
squared variable from each intermediate Q-form. The matrix of the transformation (T,) in
Example 3.4 follows from its explicit form :

YI=X ta, X, t.. ta,X,, 1 -1 1 -1
=x 5
(T,):1°2 2 = Y=TWX with TO = 8 (1) (1) g
y, =%, 0 0 0 1
For the general transformation (T,) (at page 89) this matrix is
1 a, ... a,
roy_ (0 1 ... 0 . (3.81)
0 0 ... 1
If the next quadratic formin Y is (see Eq. (3.55) at page 89)
2 2 n n
(p(l)(Y) =apyy, t ¢2(y2,y3,--.,yn) =agpn t E Zb,.jy,-yj =
i=2 j=2
2 2 2
=apyi * by +2byyyyst e v by, (3.82)
the next transformation matrix (in Z = T? ¥) will be of the form
(10 0 ... 0]
0 1 by ... by,
T® =10 0 1 0 |- (3.83)
|0 0 0 ... 1|

It can be seen that the matrices 7 (1), 7(2) . are upper-triangular and each of them contains an
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identity submatrix of decreasing order (in south-eastern / lower-right position) :
I ,inTM)y, 1 ,inT®, .. I inT"D, (3.84)

But thelast (pseudo)transformation matrixisjust I, , correspondingto U = X ; seethemention
at the end of step G.3 in GAUSS's METHOD - page 89.

The compound effect of these transformations, from the initial variables (= the components of
X, re-denoted as w,,w,...,w,) tothelastonesof U may be described by

Uy=witapwy+tagwyt...ta,,u,
T )-{%*~ Wyt bywyt.+byw, (3.85)
(T, ) . .
u, = w,.

The last basis resulting from the initial base (in our case E 0Or A ) can be looked for in terms of
atriangular transformation, corresponding to the triangular change of coordinates of (3.85), under
the form

T, 0 0 ... O
0 ... 0
CT=TA" where T = 1.21 Tz.z _ (3.86)
T, Tpp ovv oon T,,
If, in basis A4, the analytical expression of the Q-form was (according to Eq. (3.34))
O(X) = f(X,X)=) Y a,x;x, with o, =f(a,a,) (3.87)
i=1 j=1
then, in order to obtain the canonical formof @ inbasis C = [¢, ¢, ... ¢,], the symmetric BLF
f should satisfy the equations
fle;¢;)=0 fori#j, 1<i,j<n. (3.88)

It is rather easy to see that, if f(c;,a;) =0 then f(c;,c;) =0 for i#j, 1<i,j<n.Indeed,
it follows from (3.86) that f(c,,¢;) = 1), f(a;,¢;), j # 1; hence

fla;,¢;) =0 & 1,20 = f(c,¢;)=0, j>1. (3.89)
The expression of ¢, comes from the second row in matrix (3.86) :
Cy=Tyd; +Tyna, = f(cz,cj) = tmf(al,cj) +122f(a2,cj) =

= f(cz,cj)@;g) 1:22f(a2,cj) =0 if f(az,cj) = 0. (3.90)
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The implications of (3.89) & (3.90) hold for the next subscripts on ¢ » until j =p. It follows
that the conditions to be imposed on the transformation coefficients - the entries of the matrix T

in (3.86) - are
fla;,¢;) =0 for i=1,2,...,j-1 & j=1,2,...,n plus f(ag;,c;)=1. (3.91)

The explicit expressions of the vectors of basis C in terms of the vectorsof 4 = [a, a, ... a,]
follow from (3.86) :

€17 T4
€= T1 31 * TGy (3.92)
C,= T, 0y +T 0, +...+T a,.
Conditions (3.91) plus expressions (3.92), up to j, lead to the linear system
Opp Ty * Og Ty et Oy T T 0T, = 0,
o +0 T Lo, T +a, . ,T,.=0 (393)
L,j-171 1O 1Tyt j-1,7-1%-1,j  “5,j-1%j ™7
T+ Tyt ot O T, g = 1.
Oy ;T Oy;Ty + O, T-1,5 F %y 1

The matrix of this system is the square submatrix of [@], of order j, whose determinant is
A #0. According to Cramer’s rule, this system admits a unique solution, namely

1
‘ij= KA]._I. (394)

J

Let now T = f(C%,C) = [v,;,] be the matrix of the Q-form in basis C. Then, for any
i=1,j-1 we have

= f(c;.¢) = f(ztklak, ) = Erk,f(ak,c) 0= 1y,=0 (3.95)
forany j # j since the matrix is symmetric. Next,
1
= S0 = f(ztkzab )=, f(a.e) = 1, T A A (3.96)
J

In (3.95), f(a;,c;) =0 since k< i<j andthefirst j—1 equationsin (3.91) hold;in (3.96),
f(a].,cj) = 1 by the last equation in (3.91) .

Hence, the analytical expression of the Q-form in basis C is

_ _ n n A__ _
CICORD N AETED I e (3.97)
i=1 i=1 j
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The previous discussion is more than that. We may now state a result which has just been,
practically, proved.

PROPOSITION 3.8. (Jacobi’s Method ) If ¢ : V—> K is a quadratic form with its matrix
F,=[a] inabasis A of V with the chain of principal minors of (3.71) being nonzero, and if
A4=C-= [c, ¢, ... ¢,] isanew basis obtained from A by the transformation (3.92), with the
entries of the transformation matrix T = [1;] satisfying system (3.93) and the matrix of ¢ in

basis C = [y il given by expressions (3.95) & (3.96), then the analytic expression of ¢ is (3.97).

We illustrate Jacobi’s method for diagonalizing Q-forms by the next two examples.

Example 3.5. Let us consider the quadratic form @ : R* —> R defined by
2.2 2, .2
Q@(X) =x] + x5 - 3x3 +x; - X Xy +3X,%;+ 5Sx3%,. (3.98)

1 -1/72 0 0
-1/2 1 3/2 0

(3.98) = [e] Ay = | 0 275 4 si9 (3.99)
0 0 5/2 1
Jacobi’s chain of minors (3.74) follows from (3.99) :
Ay=yel, A =1, A, =3/4, A,=-9/2, A, =-147/16.
By formula (3.97), the canonical expression of @ is
QX)) =%+ T3 - <X+ 2%, (3.100)

This example was found in the textbook [M. Rosculet, 1987], where Gauss’s method is also applied
to the Q-form in (3.98). O

Example 3.6. Another quadratic form ¢ ;: R —» R is defined by

@(X) =5x; - 4x,x, - 4x x, + 6x; + 4x . (3.101)
5 -2 -2
(3101) = [8] = not AX =2 6 0= AO = l, Al = 5, A2= 26, A3 =80 =
2 0 4
T 1 =2 5 =2 13 =2
= (P(X)=gx1 +Ex2 +Ex3. (3102)

The “canonical” basis C = [c¢; ¢, ¢;] inwhich the analytical expression of the Q-form is (3.102)
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can be found by writing and solving the systems (3.93) that are implied by Egs. (3.91) :
fla,,¢;) =0 for i=1,2,..,j-1 & j = 1,3 plus fla;,c;)=1. (3.103)

We keep the notation for Q-form’s matrix in a general basis, that is [a] = f(4T,4) = [al.j]
instead of the specific notation for the standard basis of E of R3.

fla,e)=ay 1y,
_ flaycy)= 0y Ty + 0, Ty,
1= Tn 4 f(a,,¢))= 0, T,y + 0,y 1T
s - ’
(392) = 02=1:21 al +T22(12, = 4 2°72 21 21 22 22 (3104)
S(ay,e3)= 0y Ty + 0y Ty + 03 T35,
Ca=Ta1 A +Tandsy +Taad
3713191 T 1320, T 133043 @y €2)= Oy Tay + 0y Tay + e T
22 €3 21 T31 T O T3y T O3 733,
Slag,¢3)= 03 T3y + 03 T3, + 033 T35,
Three systems of the form (3.93) are respectively obtained for j=1, j=2,and j=3:
Jj=l = a,1,=1=1,=1/a,; (3.105)

For the next two systems we write the respective equations and their augmented matrices.

o o | 0

O Toy T 05 Tyy =0

. 1T T0pTyp =Y, .

J=2 = Ve 1 tant,=1  loy, @ | 1|° (3.106)
21 To1 + O Ty 21 O
Opp Ty + 0y Ty + 03 T33= 0, O G 03 | O

J=3 = {0y Ty T0yTy +0,uT,=0, = fay oy, ay, | 0. (3.107)
Olgp Typ + 03y Ty + Oyy T3a= 1 Oy Oy Og3 | 1

Jacobi’s condition on the north-western minors imply that the systems (3.106) & (3.107) are of
Cramer type and can be solved by Cramer’s method.

0 o o a, 0| a
(3.108) = 1y = |y JB|= B g o L 0u S (3.108)
Az O3 Az Az O Az
0 o, o
o, o
(3.107) =>T3I=Ai 0 0, 0y = Ai o (3.109)
3 1 (132 (1.33 3 22 23
and - similarly -
a,;, 0 a a, a, O
L |%n . 13 1 ey e LG % 0 1oy e
TR = Q1 Qo3 =" e, a TS Uy Op A lo, @
3oy, 1 ag 3172t 723 3oy 0y 1 3 [ %21 %22
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(3.110)
For the numerical data in the statement of this example, leading to @'s matrix in the standard
basis
5 -2 2
[€] = ot 4,=1-2 6 0], (3.111)
-2 0 4

the entries of transformation matrix in (3.105) & (3.108) - (3.110) are

T,=1/5;
T =_L‘0 -2‘=£=L T =L‘50‘=i.
2z 2611 6| 26 13° 2 2|2 1| 26°
1|92 20 3 > 020,
T31=—0 6 0:—:—,’[32 -2 0 0—_:_’
801 0 4 80 20 8 21 4 80 20
5 -2 0
t,=Ll2 60[-2_1
80| 5 o 1| 80 40
It follows that
1/5 0 0
T=| 2/26 5/26 0 |. (3.112)

12/80 4/80 26/80

According to the formula that gives the transformation matrix from the standard basis E of space
R” to another basis, let it be our C = [¢, ¢, ¢;] in R3, the matrix of this basis is just the
transpose of T; see T=BT <= TT=B atpage23in §1.1. Hence

1/5 2/26 12/80 1/5 2/26 12/80
C=TT"=| 0 5/26 4/80 | = c,=| 0 |, c,=| 5/26|, c;=| 4/80 |. (3.113)
0 0 26/80 0 0 26/80

Certainly, certain entries of (3.112) & (3.113) could be simplified but we leave them as such in
view of a checking that follows.

When a basis is changed for another, the matrix of a BLF (defined on the same space) changes
by Eq. (1.65) in § 3.1, page 68 or Eq. (3.40) in 8 2.3 at page 98 of [@.C., 1999]. In particular, when
the standard basis E, — A:R"= £(A4) then

F,=f(47,4) = [a] =A"-f(E],E,)-A =A"-[e]-A. (1.65)

Taking 4 =C & E, = E, in (1.65), the transformation matrix of (3.113) should bring the



2.3 SYMMETRIC BLFs & QUADRATIC FORMS 101

matrix A, of (3.111) to a diagonal form.

T-A,-T'=CT4,-C =
X X 7 aa1,13)
/5 0 0 5 -2 2] [1/5 2/26 12/80
| 2/26 5/26 0 ||-2 6 ol|| 0 5/26 4/80|-=
12/80 4/80 26/80| |-2 0 4|| 0 0 26/80

1 -2/5 -2/5 1/5 2/26 12/80] [1/5 0 0
=10 1 -4/26|-| 0 5/26 4/80 (=] 0 5/26 0 |.
0 0 1 0 0 26/80) 0 0 26/80

Hence, the diagonal matrix corresponding to the canonical expression (3.102) has been retrieved.
The canonical basis is just C of (3.113). O

The next method for diagonalizing quadratic forms is based upon certain properties of square
matrices. The matrix of the Q-form in a starting basis A (or E) of space V is changed by a special
type of transformations resulting in a diagonal matrix,

D=[d d,..d,|. (3.114)

But the transformation matrix T turning the initial matrix
f(4%,4) =lo;1, , = [a] or f(E',4)=[g;], , = [&]
not not

of the symmetric BLF f that determines @ into a matrix of the form (3.114) can be obtained in a
special way. More precisely, T has to be an orthogonal matrix, according to the definition that
follows. Hence, a couple of preliminaries are necessary.

Orthogonal Matrices

Definition 3.7. A square matrix A € o/ ,(R) is said to be orthogonal if

AAT=474 -1, (3.115)

The (Euclidean) inner product of two vectors X, Y € R” is defined by
X=[x,x,... xn]T &Y=[y, y, ... yn]T = XY = E XY, (3.116)
def i=1
The vectors X,Y € R” of (3.116) are said to be orthogonal if XY =0 &= X1Y. The
(Euclidean) norm of a vector X = [x, x, ... x,]T € R" is defined by et
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x| =vxx = |[Y x7. (3.117)
def @a.116) \ i1

Avector X =[x, x, ... x,]T€ R” isaunit-norm (or unit) vector if | X| =1. Two (or more)
vectors are said to be orthonormal if they are orthogonal unit vectors : X & Y are orthonormal

if X-Y=0 = X.Y and |X|=]7Y]|=1. O

not

Comment. The relation of orthogonality between two vectors (in a space with a symmetric BLF
f defined on it) was earlier met in this Section 3.1, but that relation of orthogonality was
dependent on the considered BLF f. In fact, the operation of inner product in (3.116) is just a
symmetric BLF whose matrix (in the standard basis ) is the identity matrix I, . But these notions
introduced by Def. 3.7 will be studied, in more detail, in CHAPTER 4. We have presented them

here since they are going to be involved in the following result, on the properties pof the orthogonal
matrices.

PROPOSITION 3.9. (Properties of Orthogonal Matrices) If A € M »,(R) is an orthogonal
matrix then :

(i) A is nonsingular and (hence) invertible, with A™' = A", (3.118)

(if)  The rows and the columns of A are pairwise orthogonal and, moreover,
(Vi,ke{l,2,...,n}) 4,4, =3,,, (3.119)
(Vj,0e{l1,2,...,n}) 47-4"=3,,; (3.120)

(iii) The rows and the columns of an orthogonal matrix A are orthonormal vectors € R";

(iv) If A,BeM »,(R) are orthogonal matrices then their product is orthogonal, too.

Proofs. (i) Immediately follows from Def. 3.7, Eq. (3.115) and from the definition of an (the)
inverse of a square matrix (see § 1.2 and PROPOSITION 2.5 for inverse’s uniqueness in [A. Carausu,
1999] - page 30). The invertibility of A follows from the same P. 2.5 but also from (3.115) and the
property of the determinant of a matrix product 4 B: see (iii) in PROPOSITION 2.3 - page 28 in
the same textbook.

(3.115) = det(A4AT)=(detd)(detAT) =1 = det4d#0 & det4T+0. (3.121)

In fact, the determinant of the transpose of a matrix equals the determinant of that matrix, hence
(3.121) may be rewritten as

det (4AT) = (detd) (detAT) = (detA)2=1 = detd ==1. (3.122)

The equation 47! = AT of (3.118) immediately follows from the uniqueness of the inverse.
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(if) follows from the definition of the matrix product (see § 1.2 in [@C, 1999 ] ). Indeed, the
current entry in the product of (3.115) is the inner product of i-th row of 4 by the k-th column
of AT:

Lifi=k 3119

Ao Ai.(AT)kzsikz{Oifiaek.

! (3.115)

since Kronecker’s 8., is the current entry of the identity matrix 7, . The proof of (3.120), involving
two columns of the matrix , is similar.

(#if) is an obvious consequence of property (ii): it follows from (3.119) - (3.120) that any two
distinct rows / columns are orthogonal, and the norm of any row / column is - according to
definition in (3.117) -

14,1 = 4,4, = V1 =1,

(3.119)

Similarly, the columns of matrix A4 are unit vectors, too.

(iv) We have to check the definition (3.115) for the matrix product 4 B: by PROPOSITION 2.7
in §1.2 (Eq. (2.22) at page 33 of [@ C,1999 ]),

(4B)" = BTAT = (4B)(4B)" = (4B)(BTA") = 4-(B-BT)y 4" =

=A-1-AT=4-4T = I.
(3.115)
Another pair of notions connected with a square matrix 4 needs to be introduced by

Eigenvectors and Eigenvalues

Definition 3.8. Let A € o/ »(R) be an arbitrary square matrix of order n. A column vector
U e R”, U # 0 is said to be an eigenvector of matrix A4 if there exists a scalar A, € R such that

A-U=2\U. (3.123)

The scalar )\, € R that occurs in (3.123) is called an eigenvalue of matrix 4. O

Certainly, the “C dot” that we have used in the proof of the above property (iv) as well as in
(3.123) could be omitted. It stands for the product of matrices, an operation that is often denoted
by simply juxtaposing the two matrix factors: 4 B. Inthe left-hand side of (3.123) a square matrix
times a column vector gives a column vector ; in the r.h.s. of the same equation, the column vector
U multiplied by the scalar )\ remains a column vector in R”,

We do not here insist on the properties of the eigenvalues and eigenvectors of a square matrix.
They will be met later, in CHAPTER 4 (on linear morphisms). It should however be noticed that an
eigenvector U is connected with the eigenvalue A through Eq. (3.123). This defining equation
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can be equivalently written as

AU-AU =0 < AU-A(1 U)=0 < AU-(A)U=0 —

— (A-AI)U=0. (3.124)

This last equation (3.124) is a matrix equation which is equivalent to a homogeneus system of
matrix 4 - A/, and we have to look for N0Onzero (or nontrivial) solutions U of its. As it is known
from the highschool Algebra (and recalled in 8§ 1.2 of [@ C, 1999 ] ), a homogeneous system
admits nontrivial solutions if and only if the rank of its matrix is strictly less than the numbers of
unknowns. If the system is square of matrix M, this condition is equivalentto det M = 0. If we now
take M =4 - A1, the condition for the existence of nontrivial solutions to this system becomes

det(4 - 21,)=0. (3.125)

In fact, this is an algebraic equation of order n over the field R but - in a more general approach
- even Definition 3.8 can be reformulated by simply replacing the real field with a more general field
[f (or K) since the Lh.s. of Eq. (3.125) is just a polynomial of order n. It is called the characteristic
polynomial of matrix A and it is (usually) denoted as

P, =, det(d - \I,). (3.126)

not

Animportant problem concerns the roots of Eq. (3.125). If the field KK is algebraically closed, then
an equation of the form P(1) = 0 with P e POL, (K) admits exactly n roots in that field, let
them be A, A,,...,A, € K, that can be distinct or not. The complex field C is algebraically
closed (Galois’s Theorem). But if the field is not algebraically closed - and this is the case for the

real field - the number of roots in that field can be less than N and even = 0. We give (without
proof) a property of the symmetric matrices over R which is relevant for the diagonalization of
the Q-forms :

PROPOSITION 3.10. If A € o/ »(R) is a symmetric matrix then all its eigenvalues are real :
A€oty (R) & A=A" = {A,: (A3UER")4U =AU} cR. (3.127)

The set of eigenvalues of a square matrix is called its spectrum. Hence, the latest PROPOSITION
states that the spectrum of a symmetric matrix over R consists of real elements only. The spectrum
of a square matrix If 4 € o/ is denoted ¢ (4).

The next definition introduces a binary relation among the square matrices.

Definition 3.9. If A,B € o/ ,(R) are two matrices, then they are said to be similar if
(38 ecc#n(R)):detS+0 & B=S57148. (3.128)

A matrix 4 € o# »(R) is said to be diagonalizable if there exists a diagonal matrix D that is
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similar to A.
In other words, a matrix A is diagonalizable iff there exists a diagonal matrix

D=[d, d,..d, and a nonsingular matrix S such that D = § 14 §. But the notion of

orthogonal matrices makes possible to state an alternative to Definition 3.9, in fact a result of
equivalence (that is, a characterization).

PrRoPOSITION3.11. If A, B € o/ »(R) are two matrices and P is an orthogonal matrix such that

B=PT4P (3.129)

then A & B are similar matrices. If B is a diagonal matrix then A is diagonalizable.

Proof. This result immediately follows from Definition 3.9 and from the remark following

Definition 3.7 : for an orthogonal matrix P, P! = PT,
|

Let us now consider the case when matrix Aadmits n eigenvalues A, A,,...,A € K, that
can be distinct or not. At least one eigenvector U, corresponds to each eigenvalue A, and they
are connected by a relation of the form (3.123). We write down these n equations (but without the
C-dot for the matrix product) :

AU, =\, U, i=1,n. (3.130)

These N equations, whose left and right sides are column vectors, may be written together as a
single matrix equation, as follows. If we denote [A, A, ... A | the diagonal matrix whose
entries on the (main) diagonal are just the N eigenvalues of matrix A then the n equations of
(3.130) can be written together as the following matrix equation :

AU, U, ... U,1=[MU, MU, ... \,U,1=[U; Uy ... UIA Ay oo A, | (3.131)

Indeed, the first column in the product of the rightmost side in (3.131) comes by multiplying the
whole matrix [U; U, ... U ] by the column [A, O ... 017, what results in AU, and

n
similarly for the next n -1 columns. Let us now denote

n
not

(U, U,..U]-=S. (3.132)

(3.131) & (3.132) =  AS=S[h; Xy ... A |. (3.133)

Let us now compare this Eq. (3.133) with the equation defining the similarity relation between two

square matrices, that is (denoting the similarity relation by ~)

A~B < (38:detS+0) B=S148. (3.134)
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This equivalence of (3.134) holds only if the matrix S is nonsingular, hence invertible, in an
equation of the form

[SB=A4S or AS=SB] = B=8748. (3.135)
The left-hand side of Eq. (3.133) coincides with the Lh.s. in the second equation between [ ...] of

(3.135). Hence we could draw the conclusion that

(3.133) = STAS=Th; Ay oo X, ], (3.136)

but only provided the matrix S be invertible.

Wehave denoted by S, in (3.132), the matrix whose columns are n eigenvectors U, (i = 1,n)
corresponding to the n eigenvalues of matrix A4.Hence a (first) condition on the vectors
U, (i=1,n) for the non-singularity of matrix S consists in their linear independence. See the
second definition of the rank of a matrix in § 1.2, proof of PROPOSITION 2.9 at page 39in [&. C,

1999 | ; certainly, the eigenvectors should be mutually distinct.

Coming now back to the problem of diagonalizing a quadratic form ¢, it follows from this
discussion that - if N independent eigenvectors corresponding to n eigenvalues A, A,,..., A,
can be found - then a matrix built with these eigenvectors as its columns can be used for getting
a diagonal form of the matrix of @ in an “initial” basis, let it be [a] = f(4T,4) or

[e] = f(ET,E), or 4 v like in Example 3.6 at pages 98-99, when the Q-form is given by its
analytic expression. Moreover, if such and invertible matrix § = [U; U, ... U,] is available,
then the similarity transformation of (3.134) — (3.136) will provide a diagonal form of @'s
matrix, with the n eigenvalues of matrix A on its diagonal, as it follows from (3.136).

But if we require more from S, namely to be not only non-singular (hence invertible) but even
orthogonal, we could use the similarity relation and transformation by orthogonal matrices, as in

previous PROPOSITION 3.11. The conclusions of this discussion can now be formulated in terms
of the next result :

PROPOSITION 3.12. If ¢ : V—> K is a quadratic form with its matrix F, = [a] in a basis A
of V,if U, (i=1,n) aren orthonormal eigenvectors of [a] corresponding to the eigenvalues
AsAy,...h, €K, andwedenote[U; U, ... U,] = P then P isan orthogonal matrix and

not

PTla]P=[A; Ay ... A ]. (3.137)

Proof. Let us represent the relationship eigenvalues - eigenvectors as follows :
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O VU
Ly ! (3.138)
Uy, Uy,..., U,

The vertical arrows in this diagram do not represent a one-to-one correspondence. Each distinct
eigenvalue xj (1 < j < n) may be either a simple root of the characteristic equation (3.125), or
(possibly) a multiple root, of multiplicity k > 1. This latter situation occurs then and only then
= det(4 - A1), with 4 = [a], containsa factor
oftheform (A - A, ) % and this eigenvalue X doesnotappearelsewhere in the factorizationof P 1] (A)-

when the characterlstm polynomial P,(A) =

If eigenvalue A ' ;'8 multiplicity is k; > 1 then it occurs exactly k; times on the first row of (3 138)
and also in the diagonal matrix of (3.136). But exactly k; distinct and linearly independent
eigenvectors should be found and they will appear on the second row of (3.138), under the repeated
k; occurrences of };. In (3.138), the eigenvalues A, A,,..., A, may be written in any order,
but it would be convenient to write them according to the < order relation, when they are real :
A<
will be extended in Chapter 4 - 8 4.3, dealing with linear endomorphisms and their

Ai.y (1 <j<n-1). This discussion on the eigenvalues and eigenvectors of a square matrix

diagonalization.

Coming back to the proof of the assertions in the statement, the hypothesis that U, (i = 1,n)
are N orthonormal eigenvectors of [a] obviously implies the orthogonality of the matrix
P=[U; U, ... U]. The currententry in the product P PTis

U-U=5%, = PPT=1. (3.139)

The first equation in (3.138) follows from Definition 3.7 - page 101. Equation (3.137) readily
follows from (3.136) with § — P and the property of any orthogonal matrix that its transpose
IS just its inverse : Eq. (3.40) in PROPOSITION 3.9 at page 98 of . As a matter of notation, we are
going to change the notation for unit eigenvectors (U, = u,, i = 1,n)in order to distinguish
between general eigenvectors and unit eigenvectors - a little later. |

Before presenting the algorithm for diagonalizing Q-forms by means of eigenvalues,
eigenvectors and orthogonal matrices, let us see that the left-hand side of Eq. (3.137) is quite similar
to ther.h.s. of Eq. (2.29)in § 2.3-page 94 of [@. C, 1999 ] or to Eq. (3.78) at page 108 of the same
reference ; certainly, the eigenvectors should be mutually distinct. In fact, PT[a] P is obtained
from T[a] TT by simply taking T = PT. If the Q-form is defined on a space like R” then the
transformation matrix from the standard basis E, to any other basis of this space, let it be the
“canonical” basis C, is just

T=CT" & Cc=TT"=P. (3.140)

Remark 3.9. This last equation in (3.140) has both a theoretical significance and a practical
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importance, as well. If n independent and mutually orthonormal eigenvectors corresponding to
the n eigenvalues A |, X, ,..., A, havebeen found, then they form just the canonical basis in which
the matrix of the Q-form takes the diagonal form of (3.137). But if the vectors on the second row
are only independent, they should be checked for mutual orthogonality and they have to be
“reduced” (or normalized) to unit vectors ; if they are not orthogonal, some vectors may be
replaced for obtaining the condition 1< i,j<n & i#j = U, 1 U,. Next, we should turn

(U, U,... U] = P=[u, uy...u,]:u,u.=96,.. (3.141)

i j ij
The C-dot in (3.141) is the (Euclidean) inner product of Eq. (3.116) - page 126.

The practical ways to perform these obtain a canonical basis and the corresponding diagonal
matrix of (3.137) are presented in what follows.

I11. Diagonalization of Q-forms by Orthogonal Transformations
(The EVV Method)

OT.1| GivenaQ-form @ (X) = XT[a]X, the neigenvalues AisAy,..., A, ofmatrix [a]

are determined from the characteristic equation (3.125).

OT.2 | For each distinct eigenvalue A ; (1 < j<m<n), the homogeneous system of matrix

[a] - A, 1

Jn?

that is ([a] -, In)U =0, (3.142)

is solved. If S(A;) is the set of nontrivial solutions to the system (3.142), a basis
B, = {Ufl’ sz,..., Ujhj} with S(A;) = £(B)) (3.143)

has to be found. The natural number 4 ' that occurs in (3.143) equals the dimension
of the subspace S(1;) U {0}, thatis h; = dimW(},). Recall from § 1.2 that the

solution set S of any homogeneous linear system is a subspace.

OT.3 | If instep OT.2, it hasbeenfound aneigenvalue A such that & ;< k ; = the (algberaic)
multiplicity of that root of Eq. (3.125), the algorithm has to be STOPped : the method
of orthogonal transformation cannot be applied since a diagonalization of matrix

[a] in the sense of Eq. (3.136) - by a similarity transformation - is not possible.

If (Vj:1<j<m) hj = kj then the EVV-based Method is applicable and the
algorithm goes on.

OT.4 | Thesubsets (sub-bases) of eigenvectors B, = { Uj1 , U ot U jhj} arejoined resulting

in a basis of n eigenvectors,

B=UB,B=[U, U,.. U,. (3.144)
j=1



2.3 SYMMETRIC BLFs & QUADRATIC FORMS 109

OT.S This basis of (3.144) is turned into an orthonormal basis as follows :

(i) The vectors U, (i = 1,n) are checked for orthogonality :
l<i,jsn & i#j = U LU,.

If a pair of vectors is found to be not orthogonal, one of them is replaced by
another vector taken from the solution set § (Xj ) of the same homogeneous
system whose matrix is the one of (3.142) and the procedure is continued
until all the n vectors are mutually orthogonal.

(i) Eachvector U, (i =1,n) is replaced by its corresponding unit vector :

1

Viel,n) U = u, = ——U..
Vielm) U= w =15, U

(3.145)

OT.6 | The resulting basis is the canonical basis C = [u; u, ... u,] : U u;= 51.]..

The orthogonal matrix P = [u; u, ... u,] is written and transformation (3.137) is
applied, turning the matrix [a] of ¢ (in the initial basis) into the diagonal matrix

PTla]P=TA, A, ... A, ]. (3.146)

Remarks 3.10. This last step of the algorithm may be omitted. If all its previous steps were
correctly applied, the matrix of @ in the canonical basis C isjust the diagonal matrix in (3.146).
However, this transformation (in the Lh.s. of (3.137), (3.146)) is recommended as a way to check the
correctness of the calculations. The analytical expression of the Q-form in the basis C is

@X) =X [A,_5]1X =Y %X} where X=X.. (3.147)
i=1

This algorithm could be perceived as a rather cumbersome method, but it offers the advantage to

provide the canonical basis C (when it is applicable : see step OT.3).

We are going toillustrate the application of this ORTHOGONAL TRANSFORMATION (or EVV
based) METHOD by a couple of examples.

Example 3.7. A quadratic form on space R? is defined by its analytical expression
@(X) =5x]+6x5+ Txy - 4x,x,+ 4%, x,. (3.148)
It is required to diagonalize it, by the EVV Method.

The Q-form’s matrix in the standard basis E, of R3, is
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2 0
6 2. (3.149)
2 7

OT.1. The corresponding characteristic polynomial is

5-2 2 0
P, () = det|] -2 6-A 2 = A3+ 1812 99 + 162. (3.150)
x (3.149) 0 Y

The characteristic equation P, (A) = 0 has the three (distinct) roots
X
Ay=3, A,=6, A;=9. (3.151)

OT.2. The three corresponding eigenvectors are found by solving the homogeneous linear systems
of the form (3.142). We successively solve them by Gaussian elimination.

2 -2 0 1 -1 0
A-0L =2 3 2[~|0 12~[(1)(1’§]
0 2 4 0 00
gives the general solution
-2a -2
U(a) =|2a|=a|-2]. (3.152)
a 1
-2
Hence, the first eigenvector corresponding to A, =3 is U, =|-2 |.
1
Similarly, for A, =6,
-1 -2 0 1 2 0 1 2
Ay- A I3 =|-2 02~042~[021}=>
0 2 1 0 2 1
-2 -2
= U,(B) = B|l=U,=| 1]; (3.153)
-2 -2
-4 -2 0 2 0
Ay-NI;=|-2 -3 2|~|-2 -1 0 ~[21 0]=>
201
0 2 -2 0 1 -1
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Y 1
= Us(y)=|-27y|=U,=|-2]|. (3.154)
-2y -2

In (3.152-154) we have re-denoted the secondary (parametric) variables of the three systems :
x =0, x,=B, x;=7.

OT.3. The strict inequality & ;< k; is not met for any eigenvalue since the three roots of (3.150)
are simple.

OT.4 & OT.5: ltis easy to see that the three vectors are pairwise orthogonal :
i#j = U-U=4-4=0 (1<i,j<3),

while their norms areequal: |U, | = | U, | = |U; | = 3. Therefore, the three unit and mutually
orthogonal eigenvectors are

-2/3 -2/3 1/3
u,=|-2/3 |, uy=| 1/3 |, uy=|-2/3|. (3.155)
1/3 -2/3 -2/3

The orthogonal matrix of (3.141) - page 108 is
-2/3 -2/3 1/3 -
P=[u u, us] = |-2/3 1/3 -2/3 |=

-2
-2
1551 1/3 -2/3 -2/3 1

N =N

1
-2 . (3.156)
-2

w|.—‘

OT.6. The orthogonal transformation, applied to the initial matrix 4, of (3.149) gives

22 1[5 2 o][2 -2 1
PT4,P=PA,P = —|-2 1 2|2 6 2||-2 1 2=
s 9 1 2 2|0 2 7]|1 2 -2
(-6 -6 3][-2-2 1] [[27 00
-—|-12 6 -12|]-2 1 -2|==| 054 0|=[36 9].

o -18 18| 1 -2 2] [ 0 o081
Hence the diagonal matrix of (3.146), with the eigenvalues of (3.151) has been found.
The corresponding canonical expression of the Q-form is
©(X)=3%+6X;+9X%,. (3.157)

The coordinates that occurin (3.157) are (the components of) X-X ¢» with C = the ortho-normal
basis whose (eigen)vectors are the ones of (3.155). O
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The next example shows how the orthogonal vectors U,, U, ,..., U, canbe obtained when
some of such vectors, obtained by solving the homogeneous systems (3.142), are not orthogonal.

Example 3.8. A quadratic form on space R* is defined by its analytical expression
¢(X)-= x12+ x22+ x32+ xf +2X, 0, + 2X X3+ 2x,%, = 2X, X5 — 2X,%, - 2x;x,. (3.158)

It is required to diagonalize it by the EVV Method.

1 1 1 1
1 1 -1 -1
(3.158) = 4,-= 1 -1 1 -1 (3.159)
1 -1 -1 1
The characteristic polynomial of this matrix is
1-2 1 1 1
_ 1 1-2 -1 -1 | _ _ /a3
PAX(k) = det 1 -1 1-% -1 |7~ (A-2)°(A+2). (3.160)
1 -1 -1 1-A
(3.160) = A, =A,=A;=2, A, = -2. (3.161)
The eigenvectors corresponding to the triple root are obtained by solving the H-system of matrix
a+P+y 1 1 1
a 1 0 0
= U;_3(a,B,y) = B =al o | BT (3.162)
Y 0 0 1

The three column vectors that occur in then rightmost side of (3.162) are - of course - U,, U, , U;.
The fourth eigenvector comes from

3 11 1| [o 4 -8 4 1 -1 3 -1
1 3 -1 -1 0 4 -4 0 0 1 -1 0
Ax*20=1 0 1 3 21|71 -1 3 -1 0 0 -1 1|~
1 -1 -1 3] [0 0-4 4 0 0 -1 1
(10 2 -1 100 1 -5 -1
01-1 0 010 - s |1
“1loo 1 -11"1o o0 1 -1 =>U4(5)— N =90 1| (3.163)
0 0 0 00 0 5 1

Checking for orthogonality the four eigenvectors in (3.162-163) :
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1

0
U,-U, = X =1. (3.164)
0

OO =
O = O
I}

[——
<
=S
I}
OO =
—_—0 O =
I}

[——
=
S
I}
—_—0 O =

It follows from (3.164) that no pair of orthogonal vectors exists among U,, U,, U,. Instead,
u.U, U,LU,, Uy LU,. Twovectorsamong U,, U,, U;. should be replaced in order to
get an orthogonal family of vectors. Each candidate should be in the solution (sub)space of system
with the matrix in (3.159). Hence, each of them should be of the form (3.162). We successively
impose the condition of orthogonality on U, and between U, & U,:

1 -a+[3+y-

U, U,(a,B,y) =0 = (1) | g |70 = 2a+pry-0; (3.165)
0 Y
1 _a+B+y_

U,-Uy(e,B,y) =0 = (1) @ g |0 = 2a+pey=0; (3.166)
0 Y

The two equations of (3.165) & (3.166) coincide, but we can obtain two distinct vectors as follows.

-

Eq. (3.165) = v = —2a-B = U,(a,p) = g . (3.167)
-2a-B

It is easy to see that U, (a, B) of (3.167) is orthogonal on U, for any values of the two
parameters. Giving particular values to the two parameters that occur in (3.167) we can get the
second and the third eigenvectors to replace U, & U, :

-1 1
Uy(1,1) =| 1| = Uy and Uy(-1,2)=| 7, | = U;. (3.168)
not not
-3 0
(3.162), (3.163) & (3.168) =
-~ U,1U,, U1U;, Uy1U; & {U,,U,,Us}1U,. (3.169)

Therefore the four eigenvectors are mutually orthogonal and the must now be turned to unit
vectors. The norms of the four vectors are
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U1 =V2, 10U, =2V3, |Usl =V6, | U, =2. (3.170)

(3.162), (3.163), (3.168) & (3.170) =

1 -1 1 -1
1 |1 1 1 1 [-1 1] 1

= U = — , Uy = —— , Uy = —— , Uy = — (3.171)
1 \/E 8 2 25 _; 3 \/g g 4 2 i

The four unit eigenvectors of (3.171) form the orthonormal basis C in which the Q-form’s matrix
should be diagonal : f(C*,C) = [A; A, A, X, .
We can check this conclusion by introducing our data in the left-hand side of Eq. (3.146), with

/6 -1 V2 -3
1 |V 1 V2 3

](3‘1-71) 5le 12y il (3.172)

0 -3 0 /3|

V6 V6 0 0

. (O U s B
(3172) = PT =[u; u, uy u,] T3 V2 V2 22 o
-V3 V3 33

For calculating the product of three matrices PT 4 x P wetake outside the two scalar factors whose

product gives 1/12. From (3.172), (3.159) and (3.173) we get

P=[u u, uy u,

(3.173)

V6 Ve o off1 1 1 1]|Ve -1 V2 V3
prypo L L L1 3001 1 -1 We 1 V2 V3
XU o120 V2 sV2 22 ol -1 1 -1 0 12/2 V3

I IR TE N I O I R S R

2/6 2/6 0 0o||V/6 -1 V2
1| -2 2 2 -6 | V6 1 -v2
12]2V2 -2vV/2 4y2 0 0 12v2
[2V3 -2v3 -2/3 -2V3 ][ 0 -3 o




2.3 SYMMETRIC BLFs & QUADRATIC FORMS 115

24 0 0 0
11024 0 o0

=10 0 24 o|=1222-2] (3.174)
0 0 0 -24

The canonical basis in which Q-form’s matrix has taken a diagonal form is just C whose vectors
are the columns of the matrixin (3.174) : C = [u, u, u; u,]. The four unit vectors are mutually
orthogonal. Although this equation is almost identical with that of (3.173), we keep the notation
C for the canonical basis, while P denotes the orthogonal transformation matrix of (3.142).

The canonical analytic expression of the Q-form (3.158) in this basis C is
©(X)=X"f(CT,C)X =2X] +2X; +2X%; - 2X;, with X = X_. (3.175)
0

An interesting and rather important feature of a diagonalized Q-form is the number of the
positive, negative and zero terms in a canonical expression of the form (3.49) - at page 88, or
(3.147) in terms of the eigenvalues. This feature is called the signature of the Q-form. Let us
denote it by

sgn@ = (n,v,Q) (3.176)

with & = the number of positive terms, v = the number of negative terms, = the number of
zero terms. For instance, the signature of the Q-form in the latest example is - according to (3.175) -
sgn @ =(3,1,0). The signatures of the Q-forms in Examples 3.6 - Eq. (3.102) and 3.7 - Eq.
(3.157) are - both of them - sgn@ = (3,0,0). Obviously, the number of non-zero terms in a
canonical expressionis @ +v =7 = rank ¢. This follows from the rank of the matrix of a Q-form
in an “initial” basis is kept by the transformations leading to a diagonal form, and the rank of a
matrix like D = [d| d, ... d, | is clearly equal to the number of non-zero entries on its main
diagonal.

The signature of a quadratic form is Intrinsic to a given Q-form, in the sense that sgn ¢ is the
same for any of its canonical expressions. This remarkable property is known as SYLVESTER's
INERTIA THEOREM.

THEOREM 3.1. (Sylvester) If ¢ : V' —> K isaquadratic form, then the signature of ¢ isthe
same for any of its diagonal (canonical ) expressions (3.49) - page 88.

Proof. Let C = [u; u, ... u,] beabasisin which the Q-form ¢ has a canonical expression,

P(X) = Ecixf_ E cl,xf with m+v =r =rank¢@ & (Vi) c,>0. (3.177)
i=1

i=m+1

If the vectors u; (i = 1,7) are replaced by the vectors
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vi=%ui,(i=1_,r)whﬂe v,=u (j=r+l,n). (3.178)
¢;

anew basis is obtained, namely D = [v, v, ... v, u, ;... u,], inwhich the expression of (3.177)
becomes

_ n T+V _ r "
o(X) =Y x"- Y x} where X =Y %, Lui + Y xu, (3.179)
i=1 i=m+1 i=1 \/c—z i=r+l

In this way we may assume, from the beginning, that all non-zero coefficients in the canonical
expression of @ (we start from) are ==+1.The fact assumption the positive and respectively
negative terms in expressions (3.177) and (3.179) appear in “compact trains” does not reduce the
generality. If, in a certain canonical expression, the terms with coefficients ¢,/ -c J. (c;»c > 0)
appear in “mixed” sequences, a simple renumbering of the variables will bring such an expression
to the form in (3.177). It is just the way we forced a Q-form with A, =0 to accept a canonical

expression by Jacobi’s method in Example 3.4" - pages 117-118 (Egs. (3.75) & (3.76)).

Let then B and B, be two bases of space V' in which the Q-form ¢ has the canonical
expressions

@(X) =Y. x - Y x? inbasis B=[v, v,...v,], (X = Xp) (3.180)
i=1 i=m+1
p r

@, (Y) =Yy’ - Yy inbasis B, = [w; w, ... w,] (Y = Xp ). (3.181)
i=1 i=p+1

Let us notice that the numbers of positive, respectively negative terms in the two expressions

(3.180) & (3.181) are assumed to be possibly different. In (3.180) sgn ¢ = (7, v, r - -v) while,
in (3.181), sgn@, =(p,7-p,n-r). Let us assume that T #p and admit the case when
p > . Consider now the two subspaces spanned by two smaller sub-bases of B and B, :

U=2([vyvy...v, D) & W=2([w,,y wy,p---w,]). (3.182)

Since dimU + dim W > n, it follows from Grassmann'’s formula (THEOREM 3.1 in § 1.3, page 65,
Eq. (3.17)in [@ €, 1999] ) that

UNW={0}. (3.183)
Hence there exists a vector y € UN W, v # 0, such that

VEX VXVt A XV = Y Wt Yy W T T, W, (3.184)

Since y # ( it follows from (3.180) that

T
(M) =@(X)= Y x}=x+...+x}>0, with X =v,, (3.185)
i=1
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and from (3.181) that

@) =@(Y) =~ Yy’ = -yl - -y <0, with ¥ =v, . (3.186)

i=p+1
The contradiction between the inequalities (3.185) & (3.186) is obvious, so p > = isimpossible and
the same holds for the symmetric inequality, so p =n. Consequently, the signature of a Q-form
under canonical expressions is the same in any (canonical) basis. |

Comments. A proof of SYLVESTER'S INERTIA THEOREM can be found in the textbook [C. Radu,
1996]. We have followed the way of proof in this reference until Egs. (3.180) & (3.181) but we
continued along the simpler and more elegant setup in another monograph of LINEAR ALGEBRA,
namely [E. Sernesi, 1993, pages 234-235]. Certainly, we have adapted the notations used by the
two authors to our notations like @ for the Q-forms, the bases written as ordered n-tuples (rows)
of vectors like in (3.180) to (3.182), and notation (3.176) for the signature of a quadratic form.
Here we must mention that the definition of this numerical characteristic is slightly different as
given by E. Sernesi. It is given in terms of positive and negative terms only :

T—=p,vV>r-p, sgne = (TC,V,C,) - (Par_P)~
Clearly, the two definitions are wholly equivalent. From a signature of the form (p,r - p) it

follows that m=p, v=r -p, {=n -r. Letus close this comment with the remark that the Q-
form is degenerate «= £>0.

In [E. Sernesi, 1993], a canonical expression of the form (3.180) is called a normal form. In
fact, it is a canonical expression like (3.177) with the coefficients turned to =1 by the basis
transformation (3.178).

The structure of the matrix of a Q-form with sgn @ = (w, v, {) and a canonical expression like

(3.180) is

I. 00
[6] =f(D",D)=|0 -I, 0. (3.187)
0 0 0

The zero blocks in (3.187) have appropriate sizes ; for instance, the north-eastern block is of size
(7, 6).
Definition 3.9. A quadratic form ¢ (defined) on a real vector space V is said to be

(i) positive definite if (VxeV)x#0 = ¢(x)>0,

(ii) positive semi-definite if (VxeVl) eo(x) >0,

(iii) negative definite if (VxeV)x+0 = ¢(x)<0,
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(iv) negative semi-definite if (VxeVl) o(x)<0,

(v) indefinite if ¢ does not satisfy any of (i), (iv).

O
Obviously, if @ is positive or negative definite it is also positive or negative semi-definite ,
respectively. If it is neither positive nor negative semi-definite it is indefinite. The normal forms
corresponding to the five types of quadratic forms are more relevant to the ways their canonical
expressions look. A table-like characterization is given in [E. Sernesi, 1993], page 236. We offer a
slightly more complete characterization, with the signs / (in)equalities for the three components
of a Q-form’s signature. For the semi-definite cases it is assumed that O < » < » while

nv>0 = r> 0 for the indefinite case. Let us recall that r =rank @ & »n = dim V.

Table 3.1 Types of quadratic forms

Type Normal form Signhature
PD - (i) x12+...+x3 (n,0,0), =w=r=n
PsD - (ii) le“L---“Lxr2 (r,0,n-r), T=r<n
ND - (iii) ‘xlz_---_x: (0,n,0), v=r=n
NsD - (iv) _xlz_"'_xrz (0,v,n-r),v=r<n
ID - (v) x12+...+x,f—x,f+1—...—xr2,v=r—1t (m,v,), 0<m,v<r

With reference to a couple of earlier examples, let us write down the signatures of the Q-forms
that were diagonalized. We also recall the pages where those examples appear.

Ex. 3.4 pp.90-92, Gauss  Egs. (3.58) & (3.70) sgn® = (2,2,0);
Ex. 3.4' pp.93-95, Gauss  Egs. (3.58) & (3.79) sgneg =(2,2,0);
Ex. 3.5 page 98 Jacobi  Egs.(3.98) & (3.100) sgnep =(3,1,0);
Ex. 3.6 page 98 Jacobi  Egs. (3.101) & (3.102) sgng =(3,0,0);

Ex.3.7 pp.109-111, OT-EVV Egs. (3.148) & (3.157) sgn@ = (3,0,0);
Ex.3.8 pp.111-115, OT-EVV Egs. (3.158) & (3.175) sgn = (3,1,0).

The equation numbers where the initial expressions of the Q-forms appear are written in smaller
font (11 pt). The reader is asked to apply other methods among G, J, OT for checking TH. 3.1.
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§ 2.3-A APPLICATIONS TO SYMMETRIC BLFS & QUADRATIC FORMS

3-A.1 Given the symmetric BLF £: R3 x R?3 —> R with its matrix in basis E,

2 -1 3
F, =[e]l=|-1 0 -2,
} 3 2 4

it is required to find a basis spanning each of the subspaces Ker f and U*-:
U isspanned by a,=[1 0 21%, a,=[0 -1 17T

3-A.2 Diagonalize the following quadratic forms ¢ : R” —> R, using either
) the available methods :

a) (p(X)=x12+4x1x2+2x1x3+x22+2x2x3+3x32;
b) (p(X)=2x1x2+2x2x3+4x1x3—2x22+x32+x12;
c) (p(X)=x12+x22+3x§+4x1x2+2x1x3+2x2x3;
d) (p(X)=x12—x§—4x1x2+4x2x3;

e) ¢X)-= 3x12+ 4x22+ 3x§ +4x,x, - 4x,%,;

1D (p(X)=2x12+5x22+5x32+4x1x2—4x1x3+8x2x3;
)  @WX) = -Sxi+x; +dxyxy + 6x,x;;

h) @(X)=2x,x,+6x,x;.

Specify the final (canonical) bases when eigenvalues and eigenvectors

of

are

used, and try to check the results with Eq. (3.146) - page 109, as in Examples
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3.7 - page 98 and 3.8 - page 111-115, see transformations leading to the diagonal
matrix in (3.174) .

3-A.3 Diagonalize the Q-form
¢(X) = x12 + 77622 + x§ -8x,x, - 6x,x; - 8x,x,

using eigenvalues and eigenvectors ; specify a basis in which ¢p is diagonal.

3-A.4 Write the analytical expression of the symmetric BLF whose associated Q-
form is the preceding one (in 3-A.3).

3-A.5 Given the symmetric bilinear form f: R3x R?> —> R by its matrix in the
standard basis E,

f(ET,E) = [¢] =

— N

2
3
1

O =
-

it is required to write the analytical expression of the associated Q-form ¢,
to determine the subspaces Ker f and U™/ where U is spanned by the
vectors u, =[1 0 1], u,=[-1 0 0]". Find a basis (or a vector) spanning {/*/
and check whether the intersection {J7 /"7 is trivial or not. Then write the general

expression of a vectorin [ + U tr,

3-A.6 Write the following Q-forms under the matrix form f(X)=X"[e]X and
bring each of them to a diagonal (canonical) expression :

(a) o(X)= 9x12—x22+ 4x32+ 6x,%x, - 8x, x5+ x,%5 ;
(b) (p(X)=x12+x22—3x32—5x1x2+9x1x3;

() @(X)=x;x,+X,x3+X,X5;

(d) (p(X)=\/Ex12—\/§x32+2\/5x1x2—8\/§x1x3;

(e) ¢(X) =x12+x22—x32 —xf +2x,%x, - 10x,x, + 4x5x,.

3-A.7 Diagonalize the quadratic form ¢ : R3 — R
oX) = 2x12 + 5x22 + 5x32 +4x X, - 4x %, - 8x,%,

using the method of orthogonal transformations - EVV. Check the result with
formula (3.146) at page 109 and write the corresponding canonical and
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normal expressions.

Note : The subspace corresponding to the eigenvalue ) =1 istwo-
dimensional, and an orthogonal basis spanning it has to be found.

Show that the connection from a Q-form ¢ to the symmetric BLF f which

determines it , by @(x) = f(x,x), that is formula (3.41) in PROPOSITION 3.6
at page 110, can be replaced by the somehow simpler formula

fx,9) = 5[0(x +3) - 9(x) - 9(3)]

since it is equivalent to the connection (3.41).
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