Chapter 2
VECTOR SPACES AND SUBSPACES

§ 2.1 VECTOR SPACES, GENERATORS, BASES AND COORDINATES

The notion of vector space (synonim : linear space) represents the
fundamental mathematical structure for the LINEAR ALGEBRA. Its formal
definition needs the reader to be acquainted with such algebraic structures as
groups and fields (which are studied in the highschool). But, unlike the latter
ones which are defined by means of internal operations (laws of composition),
the notion of vector space involves both an internal operation - the vector sum
(or vector addition) - and an external one - the multiplication by scalars.

The axiomatic definition of a vector space may be given in a condensed
version (using the notion of group for the additive operation), but we start with
the full definition (consisting of ten axioms):

Definition 1.1. Let V be a nonempty set (of vectors) and F a field (of scalars).
Then V is a vector (or linear) space over I if the following properties (axioms)
are satisfied :

(L) (Vx,y €V) x+yevVvV;

(Lo (Vx,y,z €V) x+(y+z)=(x+y)+x;
(Ly) (F0eV)(VxeV) x+0=0+x=x;

(L) (VxeV)(T-x€V) x+(-x)=(x)+x=0

(Le) (Vx,y €F) X+y=y+x;
(Le) (VA EF)(Vx€Y) Ax€evV;
(L) (Vx€el) Ix=x (€F),;

(Le) (VA peF)(VxeV) Mpx)=Q0Apx;
(Ly) (VAeF)(Vx,yeV) AMx+y)=Ax+Ay;
(L) (VA,peF)(Vx€eV) (A+pn)x =Ax +pux. o

Remarks 1.1. It follows from axioms (L,,..., Lg) that (V; +) is an Abelian
group. We recall that (L,) means the closure of V under +, (L,) is the
associativity of the sum, (L;) states the existence of the zero vector, (L,) defines
the negative of a vector X and (L) states the commutativity of the vector sum.
The addition sign + in (L,,) is used with two different meanings: it stands for
the scalar sum of the field IF' in the left hand side, while it denotes the sum of
vectors in V in the right hand side, respectively. In the r.h.s. of (Lg) A p is the



2 Ch.2 VECTOR SPACES AND SUBSPACES

(commutative) multiplication of the scalars in the field [f, also denoted as K.

Remark 1.2. (Notational conventions). As already used in Def. 1.1, the vectors
in V are denoted by (italic) Latin letters (X, Y, U, V, ...), sometimes subscripted;
the scalars in [ are denoted by Greek letters (A, p, a, ,...), also subscripted
when necessary. This latter convention will be eventually ignored for
convenience. It is important to distinguish between the zero vector 0 and the
zero scalar in [f': the latter one will be denoted by 0 or 0. For this structure of
vector space V over a field [ we shall use the notation

(V, Fi+,AV). (L.

Remark 1.3. Notall the properties (L,) thru (L,,) are independent or - in other
words - the system of axioms (L, ..., L,5) isnot minimal. For instance, the
commutativity (L) of the sumin V follows from other properties. Indeed, let
us express (1 + 1)(x +y) in two different ways :

A+DE+y)=A+Dx+(A+D)y=1x+1x+1y+ly=x+x+y+y; (1.2)
A+D(x+y)=1(x+y)+1(x+y)=1lx+1y+1x+1ly=x+y+x+y. (1.3)
Axioms (L), (L,y) and (L;) have been used in equations of (1.2), and (L),

(Lg) and (L) in(1.3), respectively (in the specified orders). It follows from (1.2)
and (1.3) that

X+X+y+y=x+y+x+y. (1.4)

By adding —x to theleft of bothsidesof Eq.(1.4)and -y to the right of them,
we derive - in view of (L,), (L,) and (L;) - that x +y = y +x, hence the
additionin V is commutative. However, we keep this axiom for letting remain
together the axioms of the Abelian group.

Remark 1.4. The field [ underlying the vector space V may be, for instance,
a numerical field like R (the real field) or C (the complex field). For [ =R,
V is said to be a real vector space.

Definition 1.1 of a vector (or linear) space has a couple of immediate
consequences, stated together in

PROPOSITION 1.1. The following properties of a linear space V hold :
(L) (VAeF)(Vx,yeV) AMx-y) =Ax-Ay;
(L, (VA,peF)(VxeVl) (A-p)x =Ax-pux;
(L) (VxebV) 0x=0 (0cF and 0€V);
(L, (VAeF) A0=0;



§ 2.1 VECTOR SPACES, BASES AND COORDINATES 3

(L) if Ax=0, then A=0 or x=0;
(L) (Vx€V) (-Dx=-x.

Proofs. We shall prove properties (L), (L) and (L ;) and leave the proofs of
the remaining properties as exercises. We may write

Ax =Mx+0)=A[x+ -] =M(x-p) +y] =Mx-y) +Iy;
axioms (L,), (L), (Ls), (L,) and (L) have been here applied. If we now add the
negative -(Ay) to both the leftmost and rightmost sides of this (multiple)
equation we obtain (L,,).

(Ly;) readily follows from (L) and (L,), with the zero scalar written as
0=1-1; indeed, 0x=(1-1)x=1x-1x =x-x =0. Finally, to check (L,y)
we must prove that x +(-1)x = 0. To see this, let us remark that
x+(-Dx=1x+(-1)x=[1+(-1)]x=0x=0.
The last equation follows from the just proved property (L,;). |
Examples of vector spaces

Example 1.1. The set of "geometrically defined" (free) vectors in the plane or
in the space forms a linear space over the field R of real numbers. We do not
insist here on this space since it will be extensively presented in the last chapter.

Example 1.2. For a given field F and any integer n > 1, denote by F” the
set of all ordered n-tuples

X =(x,,%,,...,x,) where (Vi)x,eF,;

X and Y =(y,,y,,...,»,) aredistinctunless x, = y,,..., x, =y,. Thisset F"
forms a vector space with the operations defined by

X+Y = (x(+y5e0X,*¥,), (1.5)
def

AX = (Ax,...,\x,). (1.6)
def

This is an important example, which in many ways is typical (as it will follow
from a theorem to be presented later on in this section). For X =(x,x,,...,x,),
X{,---,X, aresaid to be the components of the vector X. In particular, it follows
for n=1 thatany field F may be regarded as a vector space over itself. For
F = R we obtain the space R” of the n-dimensional real vectors. Let us still

mention that the vectors X in this space F" may be regarded as one-row /
one-column matrices :

X=[xx,...x,] or X=[x, xz...xn]T. (1.7)
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Example 1.3. Let F be an arbitrary field, and let us denote by F" the set of
infinite sequences over F, (x,,x,,...,X,,...). Additionand multiplication by
scalars can be defined as in (1.5) and (1.6), and it is obvious that the two
operations endow this set with the structure of a vector space over F. In
particular, the set R" of the sequences of real numbers is a vector (or linear)
space over R.

Example 1.4. Let o#,,, denote the set of all matrices of size m - by - n (that

is, with m rows and N columns) over a field F / over R. The two operations
involved in Def.1.1 are defined on o#,, as follows :

Let A=[a;] and B=[b,] bein o/

mmn/’

then

A+B =[a,+b,] and A4 = [La,] (1.8)
def def

obviously arein o7, , too, and the other eight properties of the addition and
multiplication by scalars can be easily verified. Therefore, the set of m -by -n
matrices over F / over R isa vector space over that field. In particular, the two
sets o/, and o, , are practically identical to the space F"/R", since they
consist of (ordered) n-tuples of scalars in F / of real numbers ; the only
difference regards the way these N-tuples are written, that is

X1
XT=[x1 X,...x,] or X = x.2 , respectively. (1.9)

xn

Example 1.5. Let | denote an interval in the set R of the real numbers and
let .7, be the set of all real functions defined on | . The two linear operations
on .7, are introduced in a natural way by

(f+&)(x) = f(x) +g(x) and (Af)(x) -

ef ef

A f(x) (1.10)

In particular, the set C, of the continuous functions on interval | is a vector

space over R. The same property holds for the differentiable functions on 1I.

Example 1.6. We are closing this set of examples by a trivial one, namely
the space consisting of a single vector 0 with the two linear operations
definedby 0 +0 =0 and A0 =0 forany scalar A € F. This space V, =
{0} is called the trivial space (or the null space); the reader can check that
all the ten axioms in Def. 1.1 are satisfied. O

Let now V be an arbitrary vector space over a field . A new
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(compound) operation involving several vectors (and scalars) may be
introduced by

Definition 1.2. An expression of the form

klx1+k2x2+...+knxn=Ekixi, (1.11)
i=1

inwhich A;,A,,...,A,
is called a linear combination of the vectors x,,x,,...,x, (with scalar
coefficients Ay, A,,...,A ). If a vector X is equal to some linear combination
of X;,X,,...,%, itissaid to be expressible linearly in terms of these vectors.
o

arescalarsin F and x,,x,,...,x, arevectorsin V,

It is clear that an expression of the form (1.11) is also a vector in V since its
terms, thatis A;x;, A, X,,...,A, X, areinV according to (L) - Def. 1.1, and
a multiple sum of terms is well defined in any additive structure with
associative addition - see axiom (L,).

It will be convenient (in what follows) to use a special kind of a so-called

"matrix notation" for writing linear combinations of the form (1.11). Let us
denote

Ay

X=[x;x,...x,] and A = X:Z ; (1.12)

)“n
then the linear combination (1.11) may be written as
n n

Yo, =AT-XT = XA =Y x,A, (1.13)

i=1 i=1
Note that the components X;'s of X in (1.12) are vectors and not scalars as the
ones of X in (1.7). On another hand, the rightmost side in Eq. (1.13) is a sum
of terms of the form X; A, with the scalars written after the vectors ; this is a
matter of convention, since both A;x, and x,A; may stand for the vector x;,
multiplied by scalar A,.

The linear combinations are essentially involved in defining a pair of new
notions, more precisely two complementary types of relations among several
vectors in a vector space V. They are introduced by

Definition 1.3. Let V be a vector space over a field F and let us consider the
equation
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Mx +h,x,+...+Ah x =0; (1.14)

m-—m

the vectors x,,x,,...,x, € V aresaid to be
(i) linearly independent if Eq. (1.14) = A, =k, =...=%,_=0; (1.15)
(i) linearly dependent if (1.14) also holds for at least one A, # 0, that s,
(31, €F) A, #0 and Eq. (1.14) still holds. (1.16)

A family @={u,,u,,...,u,,} of vectorsin V is said to be linearly independent

/ dependent when the vectors it consists of satisfy (1.15) / (1.16), respectively.
o

Another notion has also to be introduced as a preliminary to the the
definition of the important notion of basis :

Definition 1.4. Let V be a vector space over a field F and W c V. The subset
W is said to be spanned (or generated ) by a family @ = {#,%,,...,%,,} of
vectors in V if

VweW)3A, Ay A €EF) w=Xu +hyu,+..+A u, = ANu,.
i=1

(1.17)

The vectors u;,u,,..., U, aresaid to be the generators of the subset W.

m

o

Under the conditions in Definition 1.4 we will use the notation
W =2 (@).

Example 1.7. Let us consider three vectors in the space R?, namely

X, =[2131, x,=-11 -1 31", x, =[0 3 -3]".
It can be seen that X; - 2.X, - X; =0, therefore the three vectors are linearly
dependent ; since X, = 2.X, + X, it follows that

X e 2({X,,X;}). O

Remark 1.5. Given a family @ of m vectors and another vector X in V, itis
possible that X may be written as a linear combination of the vectors of @, that
is, as in Eq. (1.17). But it is also possible that no such expression exists, or -
equivalently - that X is not linearly expressible in terms of the vectors in @.
And, when it is expressible, its linear expression (1.17) may be not unique. Just
this happens in the case when @ is a dependent family of vectors. To illustrate
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this latest remark, let us consider the vector ¥ = [3 3 3]T and the three vectors
of Example 1.7. It can be easily verified that

Y=X,+X,+X, =2X, - X,.

Remark 1.6. Any family of vectors including the zero vector is linearly
dependent.

Indeed, if the family @= {u,, u,,..., u, } with u;=0 (1 <j <m) thenwecan
take a single scalar

A, # 0 while A, = ... =h,_ =}, = ... =&, = 0; (1.18)

(1.18) = Y A,u,=0
i=1

and this latter equality obviously follows from properties (L,;) & (L,,) in
PROPOSITION 1.1. Hence the vectors in are linearly dependent, in view of
(1.16) in Def. 1.3.

Definition 1.5. LetV be a vector space over F and &= {a,,q,,...,a,} a
(finite) family of vectors in V. @ is said to be a basis of V if

(i) @ is linearly independent, and
(if) @ spansV, thatis (see Def. 1.4 - Eq.(1.17)), V=2(®@) . o

Remark 1.7. A basis @ of a space V has been considered as a (finite)
spanning family, therefore as a subset of V. The fact that @ is written as a finite
set in Def. 1.5 is not essential. Moreover, there are vector spaces which do not
admit any finite basis. But another problem appears concerning the nature of
a basis: as it will be argued a little later, any basis should be considered - in fact
- as an ordered family of vectors. Hence, a basis is an ordered n-tuple of
vectors that may be written (for instance) as a row whose entries are vectors :

A=[a,a,..a]€ceV". (1.19)

For any vector X € V, it follows from Def. 1.5, (ii) that x can be linearly

expressed in terms of the vectors a,, a,,..., a,:

(FE,E,,...,E, € F) x=§§iai. (1.20)

Using the "matrix notation" (1.12) - (1.13) for linear combinations, an
expression like (1.20) may be written as

x=A4-X, with 4 of (1.19) and X, =[& &,...& 7. (1.21)

The scalar components of the column vector X,, thatis §,,&,,...,§,, are

n?
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said to be coordinates of X in the basis A. We do not yet say the coordinates
(...) before stating and proving the next result :

PROPOSITION 1.2. Let A be a basis of the vector space V and x € V. Then
the linear expression (1.20) - (1.21) of x in basis A is unique.

Proof. We have to show that - given a basis A of V and avector x € V' - the
vector of coordinates X, of x inbasis A is unique. Let us assume that x
admits (at least) two linear expressions of the form (1.21) in basis A, that is

(3X,, X/ €F") x=A4-X,=A4X] (1.22)

or (using the explicit expression (1.20))

x=zn:2;.a. \l
i=1

Y (1.23)

x =Zn:?;l.'ai.)
i=1

Subtracting (side-by-side) the two equationsin (1.23) and applying axiom (L,,)
we get

;(ai -&')a, = 0. (1.24)

But Eq.(1.24) gives a linear combination of the vectors of basis A equal to 0.
Taking into account condition (ii) of Def. 1.5 (the linear independence of
a;'s) and Egs. (1.15) of Def. 1.3, we get

él_éll:§2_§2,:°’°:§n_§n,:0 <=>XA:XA,° (1.25)
Eq. (1.25) shows the unicity of the coordinates of x in basis A. [

Example 1.8. Let us find a basis in the space R” presented in Example
1.4. The most convenient spanning family for this space consists of the vectors

1 0 0
o= =t e =] (1.26)
0 0 1

If we write together (in the natural order of their subscripts) the column vectors
e; € R" we obviously get the identity matrix of order n :

0... 0

1
E=[ejeye]=|0 1o O, (1.27)

0 0... 1
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It is clear that E is an independent family (since rank E = ) and it spans the
whole space R”. Indeed, if X =[x, x,...x,] € R” then it can be readily
verified that

X=) xe,. (1.28)
i=1

It follows from expression (1.28) that the coordinates of a vector X € R"”are
just its components. The basis E of (1.26) - (1.27) is the only basis of space R”

with this property. It is called the standard basis (of the real n-dimensional
space).

Example 1.9. A general polynomial of order n, with its coefficients in a field
F, in particular in the real field R, can be written as
p=a0+a1t+a2t2+...+ant". (1.29)
Let us denote the set of polynomials of order n over F /R by
POL (F)/POL, (R). (1.30)
If another polynomial of the general form (1.29) is considered, for instance
q=by+bt+byt>+...+b t",
the two linear operations with polynomials are naturally defined by

p+q = (ay+by)+(a +b)t+ (a2+b2)t2 +...+(a,+b)t"; (131)
def
Ap = (Aay) +(ha)t+ (?uatz)t2 +...+(ha,)t". (1.32)

It can be readily seen that these operations defined by (1.31) & (1.32) satisfy
the ten axioms of a vector space in Definition 1.1. The proof is left as an exercise
to the reader. Let us only specify the “special” elements: the zero polynomial
is O =o+ot+ot?+...+0t"; the negative of a polynomial p of the form
(1.29)is -p = (-ay) +(-a,)t+ (—a2)t2 +...+(-a,)t". It follows that the
set(s) in (1.30), endowed with the linear operations of (1.31) & (1.32), is (are)
vector space(s).

U

The next PROPOSITION presents two relevant properties of linearly
dependent / independent sets (or families) of vectors.

PROPOSITION 1.3. Let V be a vector space and
@={u,uy,...,u,(,..)}cV (1.33)
a family of vectors.

() If @ islinearly dependent and @ < @ then @ is dependent, too ;
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(i) If @ is linearly independent and @ “ < @ then @ “ is also inde-
pendent.

Proof. The way we have written the “contents” of the family @ in (1.33)
suggests that it can be not necessarily finite: it may contain infinitely many
vectors.

(i) The linear dependence of the family in (1.33) means, according to Def. 1.3 -
(1.16), that an equation like (1.14) holds even when at least one scalar is # o.
Hence

(3N, eF) A, #0 & Y hu =0. (1.34)
i=1
The inclusion relation in the statement means that the other family of vectors
looks like

Q" = {up, uyyoo 4, (5..), V), Vy,enl ) (1.35)
It follows that there exists a zero linear combination of the form
m(-)
(), €F) A %0 & ;Xiui+k§:1pkvk=0 (1.36)

with at least one nontrivial term in the first sum of (1.36), A iU while we may
take trivial (zero) scalar coefficients on the vectors in the complementary set
@“\ @, thatis

|.t1=u2=...=0=>kz;|,tkvk=0+0+...=0. (1.37)

Obviously, property (L,;) in PROPOSITION 1.1 has been here involved. It follows

from (1.34) with (1.37) that Eq. (1.36) holds for (at least) one non-zero scalar
and the family @ is thus linearly dependent.

(if) The second implication in the statement immediately follows from
former, by reductio ad absurdum. If the inclusion @ < @ holds with
independent @ and we would assume that @” could be linearly dependent,
then, in view of (i), the larger family @ would be dependent ! This closes the
proof. [

Before stating (and proving) a couple of consequences of this simple result,
let us reformulate it as follows:

(i) Any subfamily of an independent family is independent, too ;
(it) any superfamily of a dependent family is also dependent.
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COROLLARY 1.1. Given a basis A of a vector space V, each element (vector)
of V can be linearly expressed in basis A in one and only one way, and this is
no longer true if any vector whatsoever is appended to or deleted from the
basis A.

Proof. Let A be a basis of space V. This implies (by Def. 1.5 - (i7)) that
V=8(@A) =
= [xe V= (3&,&,,....,6,€F) x=) &,q,= A-XA]. (1.38)
i=1

According to PROPOSITION 1.2 - (1.25), the linear expression of x in basis A is
unique. If (at least one) vector a; is deleted from the basis A it is obtained the
smaller family A4'= A\ {4;}. We have just used the notation for the set
subtraction although basis A is considered as an ordered family, as in (1.19).
If A'=A\ {aj} would remain a basis of space V, the vector a; would be
linearly expressible in A"':

Jj-1 n
a; = ; Ha; + ig; M a;. (1.39)
But this Eq. (1.39) implies the linear dependence of the basis A ! Similarly, if
a “new” vector b is adjoined to A, resulting in the larger (spanning) family

A" =AU {b}, (1.40)
this vector is also linearly expressible in basis A ; hence, the set in (1.40) may

be a spanning family for V but - in no case - a basis since it is not independent.
|

Comments. The statement of the above COROLLARY occurs in the textbook [S.
LANG, 1988]. In the first edition of our textbook of LINEAR ALGEBRA [A.
Carausu, 1999], we included in the statement of this result (COROLLARY 1.1,
page 11) other two characterizations of the notion of basis. However, we are
going to include them, more properly, in a theorem that follows and brings
together the main characterizations of a basis.

Before presenting another result, let us state a remark, in fact a
characterization of dependent vectors / families of vectors.

A family @ of vectors is linearly dependent iff (if and only if) at least one
vector in @ is linearly expressible in terms of the other vectors .

The proof of this rather obvious property will be proposed as an exercise in
the next section of Applications (exercises), 2-A.1 .

PROPOSITION 1.4. Let V be a vector space and
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@ = {ul,u2,...,up}c vV (1.41)

a family of linearly independent vectors. Then any p +1 vectors in £ (@) are
linearly dependent.

Proof. By the hypothesis, the independence of @ means that

p
Z;xjufo = Aj=A,=...=L_=0. (1.42)
i

p

Consider now the p+1 vectors in the statement,
Xp5Xg5ees X, € £(Q). (1.43)

By Def. 1.4, it follows that each of them admits a linear expression in terms of
the vectors of (1.41). But we must write the scalars in the expressions of the
form in Eq. (1.17) with doubly indexed coefficients: for each vector
x;(1<i<p+1) of (1.43), p scalars exist such that

p
X, =), 0, (1.44)

Let us now write the equation of the form (1.14), involved in the definition of
both linear dependence and independence, for the vectors in (1.44):

p+l p+l

EB,x,-o = Y B, Ea u, = 0. (1.45)

(144) i=1

In the double (or iterated) sum of Eq. (1.45), the summation order can be
inverted and it thus follows that

p+1

E(E o, B;)u; = 0. (1.46)
Jj=1

The sums between the big parentheses of Eq. (1.46) play the role of the scalars
A ; of (1.42) and they must therefore vanish, due to the independence of the

set @:

E a;; Bi =0, j=Lp. (1.47)

The p equations in (1.47) form a homogeneous system in the unknowns ,
(i=1p+1).
Since the matrix [a, j] of its coefficients is of size p-by -(p +1), its rank

is at most = p <p+1 =the number of unknowns. It is known (from the
highschool algebra) that such a homogeneous system admits nontrivial
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solutions. Hence, at least one PB; in the first equation of (1.45)is # 0 and the
conclusion in the statement thus holds. [

It follows from this PROPOSITION 1.3 the next property.

COROLLARY 1.2. Ifasubset Wc V isgenerated by p linearly independent
vectors then any m vectors of W are linearly dependent if m>p <=
<= m>p+l.

This property could be equivalently stated as follows.

If asubset w < ¥ is generated by p linearly independent vectors then at
most p vectorsin W can be linearly independent.

The properties so far presented make possible to state and prove an
important result concerning the number of vectors in the bases of the same
vector space.

THEOREM 1.1. Let V be a ( finitely generated ) vector space over the
field F. If V isspanned by two bases A and B then the number of
vectorsin A and B is the same.

Proof. Let the two bases in the statement be
A=[a,a,...a,]eV” & B=[b, b,...b,]€V". (1.48)
Regarding the number(s) of vectors in the two bases, let us assume that
n+m <> [m<n or m>n]. (1.49)

In the first alternative of (1.49), all the vectors of basis A are in £ (A); hence,
expressions of the form

m

a;=Q, a,b (1.50)
j=1

hold. But any such equation implies the linear dependence of the vectors in A

and this contradicts condition (i) in the definition of a basis - Def. 1.5.

Similarly, the other inequality between m & n is also impossible and we thus

have m =n and the proof is over. |

CoROLLARY 1.3. The number of vectors in all the bases of a (finitely
generated) vector space is the same.

Hence this (natural) number is an intrinsic feature of a vector space, in the
sense that it does not depend on a particular basis that spans the space. It is
therefore natural to state the following

Definition 1.6. The common number of vectors in every basis of a (finitely
generated) vector space V is called the dimension of ¥ and it is denoted as
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dim/V. ¢
Remarks 1.8. In the previous definition, only finitely generated have been
considered. If 7 # {0} doesnotadmit a finite spanning family it is not finitely
generated. We may write dim ¥ = «. The earlier mentioned functional spaces
(see Example 1.5 at page 4) are infinite-dimensional. In order to determine the
dimension of a finitely generated vector space it suffices to find a basis which
spans it. The following examples are relevant in this sense.

Examples 1.10. We presented the space R” of the ordered n-tuples of real
numbers, in Example 1.8 - page 8, with its standard basis E consisting of n
(column) vectors. Therefore

dimR” = n.

The space o#,,, of m-by -n matrices over a field F / over R also admits

mn

a finite (standard) basis. It suffices to consider the mn “elementary” matrices

0 - 0 - 0
e;=|0 ~ 1 - 0 (1.51)
0 -~ 0 - 0

The only nonzero (unit) entry of this matrix appears in its i-th row and j-th
column. It is very easy to see that any matrix 4 = [a,;] € o#,,, can be written

as a linear combination of such matrices, the scalars being just its entries:

n

4=[a,;1=)) a,e,,. (1.52)
i=1j=1

The linear independence of the matrices in (1.51) is obvious: if a linear
combination thereof (written as a double sum like in (1.52)) is equated to the
zero matrix O =[0], it obviously follows that all the scalars should be
=0: 7v,~j =0 (Viel,m, Vje‘ﬁ). Therefore dim o#,,,=mn.

The space of polynomials (of order n) was presented in Example 1.9 at
page 10. For this space POL (F)/POL (R), a standard (most convenient)
basis can be obviously considered, taking into account the general expression
of a polynomial - Eq. (1.29):

p=a0+a1t+a2t2+...+ant". (1.29)
This basis is

B=[1,t,¢2,...,t"] (1.53)

and it is easy to see that a polynomial of the form (1.29) can be written, with
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our “matrix notations” (1.19) - (1.21) at page 7, as

p=1[1,8,¢%...,t"] (a4, a,,a,,...,a,]". (1.54)
Expression (1.54) implies that POL (F)/POL (R)= £(B).

The independence of the “elementary” polynomials of (1.53) - the com-
ponents of B - immediately follows from the definition of the identically zero
polynomial O - the polynomial with a,=a, =a, =... =a, =0. Hence
dim POL (F) =n+1=dimPOL_(R). In fact, this space of n-order
polynomials is in 1-to-1 correspondence with the space F”*!/R"*! since any
polynomial of the form (1.29) is uniquely determined by its coefficients that
appear as the components of the column vector - the second factor in the
“formal”product of (1.54). O

PROPOSITION 1.5. Let V be a vector space over the field F. Any
independent family of vectors @={a,, a,,..., a,} ¢ V can be extended up
to a basis of the space V.

Proof. The first condition in the definition of a basis (Def. 1.5) is met by the
family @& but it could not satisfy the second condition, (ii): V = £(@). Here the
dimension of the space V should be considered. Let us assume that dimV = n.
If m> n, it follows from COROLLARY 1.2 that @ is dependent and it cannot
form a basis. Moreover, it cannot be extended up to basis since any superfamily
of @ will be also dependent, according to PROPOSITION 1.3 (pages 9-10). If
m =n then @ is already a basis. Indeed, it is independent as stated and any
vector x € V' admits a linear representation in terms of (the vectors) of @: in
the particular (or even trivial) case when x € @ it follows that

(jelm) x =a,=0a,+...+0a,; +1a,+0a, ; +...+0a,.
It follows that the relevant case is the one when x ¢ @, what implies that
®'={a,,a,,....,a,,x} (1.55)

cannot be a basis of FV: it spans the space but it consists of n+1 > n = the
dimension of V: the family in (1.55) is necessarily dependent. Therefore, the
family in the statement could be effectively extended up to a basis only if
m <n. This extension proceeds step by step, in fact vector by vector: the
family @= {a,, a,,..., a,, } is extended by adjoining one vector at a time, as
it follows.

@"={a,,a,,...,a } with a,,,#0,a,,a,,...,a,. (1.56)

m? am+1

This adjoined vector can be selected in such a way that the family @” remains
independent. Indeed, if no such vector would exist then it would follow that
the greatest number of independent vectors in Jwould be m<n=



16 Ch.2 VECTOR SPACES AND SUBSPACES

= dim ¥, what contradicts the assumption on the dimension of the space. This
extension process can be continued by adjoining another vector 4,,,, to @”
and so on, until an independent family consisting of N vectors is obtained. The
property that it spans the whole space } follows by the previous argument -
see (1.55). This completes the proof. |

Another - and somehow dual - property regards the possibility to reduce
a (larger) spanning family of a vector space to a basis of its.
PROPOSITION 1.5. Let V be a vector space over the field F. Any spanning
family of vectors @={a,, a,,...,a,} <V can be reduced down to a basis of
the space V.

We donot give a (detailed) proof of this result: it may remain as an exercise
to the reader.

The earlier presented properties and characterizations of the bases of a
vector space are stated together in the result that follows, including Def. 1.5.

(_ 2\
THEOREM 1.2. Let V be a (finitely generated ) vector space over the field F.

® A family of vectors @= {a,,a,,...,a,(,...)} in V isabasisof V if
(i) @ is linearly independent, and
(if) @ spansV, thatisV = £(@).
@ If @={a,,a,,...,a,} isaset (or family) of n linearly independent
vectors in an n-dimensional space V then it is a basis for V.

®If@= {a,,a,,...,a,} isaset (or family) of n vectors that span the n-
dimensional space V then it is a basis for V.

@ Given a basis A of a vector space V, each element (vector) of V can be
linearly expressed in basis A in one and only one way, and this is no longer
true if any vector whatsoever is appended to or deleted from the basis A.

® If @={a,, a,,..., a,} isanindependent family in the n-dimensional
space ¥ and m <n, it can be extended up to a basis of the space .

® If @={a,,a,,..., a,} isaspanning family of the n-dimensional space

v and p>n, it can be reduced down to a basis of the space V.

@ An independent family @ in V is a basis <= no set which properly
contains @ is independent.

A spanning family @ of V is a basis <= no proper subset of @ still spans
. J

Comments. The most part of the properties just stated in THEOREM 1.2 were
earlier proved. Other ones will be proposed for being proved in the next section
of APPLICATIONS - EXERCISES. The notion of basis in a vector space was
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synthetically characterized in the excellent textbook of LINEAR ALGEBRA [G.
STRANG, 1988 - page 86] as follows :

A basis is a maximal independent set. A basis is also a minimal spanning set.

Examples 1.11. Let 4 = [a;;] bean m-by -n matrix. Obviously, its columns
are vectors in the vector space R™. They could form a basis for this space it the
conditions in Def. 1.5 would be satisfied.

As it was be presented in section § 1.2, mainly devoted to matrices, we
used the following notations for the columns / rows of a matrix :

a,;
Al = a:zf (1<j<n) = A=[A4'...47...4"]; (1.57)
a,,; o
4,
A,=[a;  a;y... a;)](1<i<sm) = A= Al . (1.58)
4.

Coming back to the columns of matrix 4 = [a,-j] that occur in (1.57), any

vector X € R™ will admit a linear expression in terms of A!,...,47,..., A"
if an equation of the form

X=dydl+o+h 47+ 4, A (1.59)
will be satisfied. This equation (1.59) is equivalent to a non-homogeneous
linear system whose augmented matrix is

A=[A4'...47... 4" | X]. (1.60)

The system corresponding to Eq. (1.59) admits (at least) a solution, i.e. it is
consistent, if and only if

(VXeR™)rank[A!... 47... A"] =rank[A4'... 47... A"| X], (1.6])
as it was stated and proved in 8 1.2 (LINEAR SYSTEMS). Hence, condition
(1.61) = R™ = £([4!...47...4"]). (1.62)

But the first condition for 4 = [A!... 47 ... A™] to be a basis for the space it
spans consists in its linear independence. The columns of matrix
A=[A'... 47 ...A"] areindependent <= rank4 = n.

Taking into account the former condition (1.61) we can now write that
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[A'... A7... A"] = aDbasis for

!

rank [4'... 47... A"] = n + Condition (1.61).

But the condition for the rank implies # < m while condition (1.61) can be
satisfied for any X e R™ if and only if rank [A'... 47 ... A"] = m since the
nonhomogeneous linear system that is equivalent to Eq. (1.59) could be
inconsistent for some vectors X € R™ when rank[4!... 47... 4" <m. To
conclude this discussion, it follows that all the columns of an m -by -n matrix

can form a basis for space R” <=
= rank[4'...47... 4" =m =n.

Hence the matrix should be square. If we relax the condition in the statement
of this example asking if only some of the columns of the matrix can form a
basis for then it will suffice that rank [4'... 47... A"] =m < n.

Such a basis will consist of only m independent columns of A:
B=[47 472 ... A7*] with det[47* 47>...47"]+0.

Numerical example. Let us consider the matrix 3 -by -4 matrix

1 53 -1
A=l 2 9 5 -1|. (1.63)
1 -2 0 1

It can be easily seen that 2 4! + 43 = 42 ; hence, the first three columns of
A are linearly dependent and they cannot form a basis for R*. But columns
A', A3, A* are independent since

-1
-11=-3=#0.

1
Therefore B = [A' 4% A*] is a basis for the space R3, but not the only
possible one. The reader is invited to check that C = [42 43 A*] is also a
basis. A similar discussion can regard the rows of matrix A of (1.63): can the

1
det[4' 43 4*] =] 2
-1

[« V), VS

three rows form a basis for the space R*? Anyway, the reader can check that
the three rows are linearly independent ; but the condition
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A4,
R*=£| |4,
A,
is or is not satisfied ? ]

A final problem concerning the bases of a vector space regards the

Changes of bases and coordinates

As stated in the previous results (THEOREM 1.1, COROLLARY 1.3, ... ), a vector
space V admits several bases; in fact, it admits infinitely many bases. Indeed, if
abasis @={a,, a,,..., a,} exists and each vector is scalar-multiplied by an
arbitrary non-zero scalar @; (1 <i<n) then the new family of vectors @ "=
={a,a,, 0,a,,..., a,a,} isstill a basis of the space. And there exist not less
than «” possibilities.

Let 4=[aa,,...,a,] and B=[bb,,...,b,] be two bases of the
space V. Any vector b, (1 <i<n)is a vectorin V' =£(A4). Therefore a
unique N-vector of coordinates exists such that each b, (1 <i<n) can be
linearly expressed in terms of basis A ; formally,

Vie{1,2,....,n})(3 [, 1,5...7,,]€F") b, = Erij a, (1<i<n).
=l (1.64)

The n equations in (1.64), in fact N unique linear expressions of the vectors
of the “new” basis B in terms of the initial (or “0ld”) basis A can be written
together, one under the other and also using the “matrix notations” for linear
combinations and linear expressions: see Eqs. (1.13) at page 5 and (1.21) at
page 7, respectively. To this end, let us write the scalar coefficients that occur
in (1.64) as a row vector (or a row of a matrix) :

Vie{l,2,...,n}) T,=[7;y T;5...7;,]. (1.65)

Equations (1.64) can be written one under the other, for i=1,2,...,n
resulting in

b, T, Ti1 Tiz-+-Tn
b2 - T2 AT - T21 T22 "'IZn AT. (166)
bn Tn Inl 1:n2"'1:nn

Obviously, the matrix equation (1.66) is equivalent to the set of (explicit) vector
equations or equalities
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by=t,a,+1,a,+...+1,,a,
b,=1,,a,+1,a,+...+1,,a

o, (1.67)
b =1

Wy =T Gt T 0, T T, a

or also to its (more synthetic) matrix expression

BT=TA" or B=ATT". (1.68)

Obviously, the two equations in (1.68) can be obtained from each other by
transposition, and the matrix

T, Tt T2 Ta
T - T, | Ta1 Taz Ty, (1.69)
]; Tnl Tn2"‘1nn

is said to be the transformation matrix from basis A to basis B.

The next remark needs a couple of notions regarding matrices to be recalled.
In fact, they were presented in § 1.1.

The rank of a matrix A € o#,,, is the maximum number of its linearly
independent rows / columns. A square matrix A is invertible if there exists
another square matrix 4 !such that 447! = 4714 = I = the identity matrix
of order N. A square matrix A (of order n) is invertible if and only if it is
nonsingular, what is equivalent to det4 # 0 <= rank 4 = n.

Remark 1.9. The transformation matrix T which is involved in Egs. (1.66) and
(1.68-69) is nonsingular, hence invertible. Indeed, let us assume that
rank T <n <= detT=0. (1.70)
But both properties in (1.70) are equivalent to the linear dependence of the
rows (or columns) of matrix T. This implies the existence of n scalars
MoAgses At M T +A, T, +...+A T, =0. (1.71)
Obviously, 0 in (1.71) is the row zero vector in R”. Assume that there exists
(atleast one scalar) A, # 0 in this equation. Then it follows from Eq. (1.71) that

the i - th row of the transformation matrix can be linearly expressed in terms of
the other rows :

A
Ti=—2x—ka=Euka. (1.72)
ki N k+i
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Let us now consider a null linear combination of the N vectors
b, (1 <i<n)ofbasisB:

a,b+a,b,+...+0,b, =0 —

T . (1.73)
<= B =0 with @ =0, a,..a,].
The first expression of (1.68), taken to (1.73), gives the equation
a(TAT) =0 — (aT)4AT=0¢V. (1.74)

But A is a basis and its independence implies that the row of scalars that pre-
multiplies itin (1.74) should be the zero row vector: @ = 0T € F”. This matrix-
form equation may be rewritten using the row-by-row structure of T (see (1.69))
as

Y a,7,=0"=[00... 0]. (1.75)
i=1
This Eq. (1.75) can be rewritten by transposing it :

n n

Y o,7'=Y T a,=0 « TTa"=0. (1.76)
i=1 i=1

The last matrix equation in (1.76) can be written in terms of the column vectors

using expression (1.72) of row T :

Tla, +...+ ( EukaT) o+..+T a =[00..0]". (1.77)
k#i

The system (1.77) is a homogeneous linear system of N equations in the n
unknowns 0, ., ,..., &, . Butits rank is at most » -1 since the i-th column of
its matrix is a linear combination of the other columns. Therefore it admits non-
zero solutions, and Eq. (1.73) thus holds for some o;* 0, what contradicts the
independence of (the vectors of) basis B. Hence the properties in (1.70) are
false and the transformation matrix T is nonsingular :

rank T =n <= detT= 0.

T is thus invertible. The same conclusion can be derived using the columns of
T instead of its rows. |

This conclusion gives the ground for proving the next result which gives a
formula for changing the coordinates of a vector when the basis is changed.
PROPOSITION 1.6. Let V be a vector space over the field F and A, B two
bases spanning V. If basis A is changed for B with the transformation matrix
T then T is invertible and the connection between the coordinates of a vector
x € V in the two bases is given by
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X,=(T")'X, = T'X,. (1.78)
not

Proof. The connection between the two bases is expressed by (one of the) Egs.
(1.68), with matrix-type notations. The non-singularity of the transformation
matrix T has been stated and proved in the earlier Remark. The connection
(1.78) between the coordinates of vector X now easily follows if we use the
matrix form (1.21) of the expression of a vector in a basis, together with
connection (1.68) between the two bases.

x=AX,=BX, « x=X;/4" =X, B" = (1.79)
(1.68-1)

=X, (TA") = (X, T)A". (1.80)

The equality in (1.80) follows from the associativity of the matrix product; this
property also holds when the third factor is a column of vectors - the column
form of the basis A. But the first equation in (1.79), after +=, and the last
expression in (1.80) represent two linear expressions of the vector X in the
same basis A. By the unicity of the coordinates, it follows that

X =X, T « X,=(I")'X,. (1.81)

The equivalence in (1.81) holds by post-multiplying the first equation with the
inverse of the transformation matrix and - then - by transposing the two sides
of the equation thus obtained.

X{=X3T|pn = X, T =X, (TT)=X,. (1.82)

The equations in (1.82), next to =, have followed by the associativity of the
matrix product, with the definition of the inverse of a matrix: in this case,

TT'=1 & X,1,=X,.
The equality of the rightmost to the leftmost side of (1.82) is just the transpose
form of the formula (1.78) in the statement. This completes the proof. |

Remarks 1.10. The proof of this rather important result offers an example of the
usefulness of our matrix notations. The equivalent form of the connection
formula (1.78) is

X, =X, T (1.78"
As regards the (somehow strange) notation that occurs in (1.78), that is

(CAD R

not



§ 2.1 VECTOR SPACES, BASES AND COORDINATES 23

it could be formally accepted in view of the rule of multiplication of powers.

As an application of the formulas (1.78) / (11.78'), let us see how the
coordinates of avector X € F” or X € R" inagivenbasis B can be effectively
found. Let this basis be

B=[b,,b,,.... 1.

The vectors bl. (1 <i<n) are, in fact, column vectors in F”or in R”, and
therefore B is a square matrix of order n. Moreover, it is a nonsingular matrix
since its columns are linearly independent (see the definition of the rank given
earlier - at page 20). Let us also recall that the coordinates of a vector
XeF” or XeR” in the standard basis E of this space are identical to its
components. Hence such a vector may be written as

X=EX=BX,. (1.83)

But the standard basis E = [e, e, ... e,] asamatrix is just the identity matrix
I, : see the structure of this basis in Example 1.8, Eqgs. (1.26-27) - page 8.
Hence we may write

B=1 B=EB < B"=B"] =B"E". (1.84)

The property of the transposing operator on the product of two matrices has
been here applied : (4B)" = BTAT, as well as the property of the identity
matrix (or of any diagonal matrix) - the transposing operator leaves it
unchanged. If we compare equation (1.83) with (1.68), it is clear that the
transformation matrix from the standard basis E to the basis B is just
T=B" &= TT=B.Itnow follows from (1.83) with formula (1.78) that

X, =B'X. (1.85)

But this formula (1.85) shows that the (column vector of) the coordinates of

vector X in basis B are obtained from the solution to the matrix equation
BX,=X. (1.86)
In its turn, this equation is equivalent to a non-homogeneous linear system.
Example 1.12. Let us consider, in the space R?,a vector X and a basis B :
3 1 0

3
X=|-1]; B:b,=| 2|, b,=|0]|, by=| 4. (1.87)
1 -2
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The matrix equation of (1.86) with the four vectors in (1.87) becomes

13 0 3
2 0 4|X,=|-1|. (1.88)
-1 1 -2 2

The matrix B has detB=-4 # 0. Hence Eq. (1.88) will have a unique
solution. This unicity theoretically follows from the unicity of the coordinates
of a vector in a (given) basis - PROPOSITION 1.2. But it also follows from the
properties of (non-homogeneous) linear systems, with the previous remark
following after Eq. (1.86). A square N-by-n nonhomogeneous system with non-
singular coefficient matrix has a unique solutions (as it is known from the
highschool). Such systems are sometimes said to be determined, and we all call
them Cramer-type systems. The linear system (equivalent to) Eq. (1.88) can be
solved using transformations on the rows of its augmented matrix B (as it will
be explained, in more detail, in the next section), thus avoiding the effective
determination of the inverse B !:

13 0] 3 40 6| -3
B=|20 4] -1|~[-11-2] 2|~
-1 1 2] 2 20 4] -1

(1 0 32 |-34] [1 0 0| -32 -3/2
~10 1 <12 | 5/4|~{0 1 0] 32|= X,=| 32|. (1.88)
00 1| 12] [0 0 1] 12 12

The column vector of the coordinates of vector X in basis B means that we can
write that

3
2027

2 b,. (1.89)

3
X=—Eb1+ >

This linear expression of (1.89) can be checked by the reader, with the data in
(1.87). O

The next example illustrates the change of bases and coordinates, in the real
Euclidean space.

Example 1.13. Check that the following two families of vectors are bases in
space R? and find the transformation matrix T from A to B.

1 1 1
A:a=1|,a,=|0],a,;=|2]; (1.90)
0 0 3
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1 2 6
B:b =|3|,b,=]2],b,=|7]. (1.91)
3 3 9

The two families A and B are bases since both of them consist of three
vectors (= the dimension of R?) and their determinants are non-zero:

det4=-3 & detB =3.

The matrix equation connecting the three matrices A, Band T is either of the
two equations in (1.68) - page 20. If we take the first of them,

BT =T4", (1.92)
the matrices A and B are known from (1.90) & (1.91) while T is the unknown
matrix, to be found. With the above data, Eq. (1.92) becomes

1 10| [133
T|1 0 0]=[2 2 3|. (1.93)
12316709

In order to get the transformation matrix , the two sides of Eq. (1.93) should be
post-multiplied - that is multiplied at right - by the inverse of 4. This inverse
can be determined by a formula known from the highschool (involving the
“adjugate” or cofactor matrix of A and its determinant [4|), but a more
efficient method consists in using transformations on the rows of a block matrix
of size 3-by-6, similar to those applied in the former example. But an even easier
way to obtain T avoids the prior determination of 4~T. To this end it is easier
to skip to the second equation in (1.68), that is

B=AT" = TT=47'B. (1.94)

The matrix product in the r.hss. of Eq. (1.94) can be calculated by a
transformation method applied on the rows of a block matrix of size 3-by-6, as
earlier mentioned. This method is called Gauss-Jordan or Gaussian elimination,
and it was presented and explained in the former section, 8§ 1.2. However, we
are going to employ it to this example, after a brief recalling. Starting from the
block matrix [4| B], therows of this 3-by-6 matrix are transformed in the way -
known from the highschool - used to simplify the calculation of determinants:
a row may be multiplied or divided by a non-zero number, two rows may be
interchanged, or a row multiplied by a (non-zero) number may be added to
another row. The aim is to obtain the identity matrix, in our case I 3s instead of
the left block 4. When this aim is reached, the desired matrix of Eq. (1.94) will
appear as the right block, instead of matrix B. Hence, the scheme of these
transformations is
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[4|B] = ... = [[,|A'B=TT"]. (1.95)
With the data in (1.90-91) we have

(11 1 |

[A|B]=|1 0 2 |

3]

1 21 32 7 1

— 101 -1] 20 -1|—|0

0 1] 11 3 0

(==

| 101
| -1 1 2/. (1.96)
| 113

S

It follows from the last matrix in (1.96) that the transpose of the transformation
matrix is

10 1 -1 1
TT=|-1 1 = T=0 1 1]. (1.97)
11 1 23

W N =

For a better understanding of this result, let us explicitly write the connection
between the vectors of basis and the ones of basis B, corresponding to the
transformation matrix of (1.97):

by=a,-a,+a,
b, = a, +as, (1.98)
by=a,+2a,+3a,.

We are going to extend this example by considering a vector X expressed

in basis A4 and looking for its coordinates in the “new” basis B of (1.91). Let
us consider the vector

X=2a,-3a,+5a,. (1.99)
2

(1.99) = X, =|-3]. (1.100)
5

The coordinates of X in the “new” basis B can be obtained by applying
formula (1.78). The expression of X, means that the vector of the “new”
coordinates is the solution to the matrix equation in (1.81),

X =X, T « T'X,=X,. (1.101)

The last matrix equation in Eq. (1.101) is equivalent to a non-homogeneous



§ 2.1 VECTOR SPACES, BASES AND COORDINATES 27

linear system which can be solved by the Gaussian elimination, as in Example
1.12. The transformation scheme is

[TTI1X,] — ... > [LIT "X, = X,]. (1.102)

From (1.97) and (1.100) - the first matrix - we have

1 01| 2 101 2
[TT|x,1=|-1 1 2]|-3—[013]|-1—>
1135 012] 3
10 1] 2 100] 6
— |01 3|-1|—|(01 0] 11{. (1.103)
00 -1] 4 0 01| -4
Hence
6
X,=|11| = X=6b,+ 11b, - 4b,. (1.104)
-4

The result in (1.104) can be checked as follows: the linear expression (1.99) of
X inbasis A leads to the vector X as an elementin R3:

1 1 1 4
X=2a,-3a,+5a;=2|1|-3/0[+5]2|=]12]. (1.105)
0 0 3 15

If we pass to the “new” basis B, the expression (1.104) with the vectors in
(1.91) leads to

1 2 6] | 4
X =6b +11b,-4b,=6|3 |+ 11|2|-4|7|=|12]. (1.106)
3 3 9| |15

Hence, the linear expressions in (1.105) & (1.106) represent the same vector
XeR. O

The example is over. However, let us see another way to check that the
coordinates and the expression of X inbasis B, that occurin (1.104) are / is
correct. This method can be employed even for such problems formulated in a
general vector space and not necessarily in R3. It simply consists in taking the
vectors b;, expressed in basis 4 as in (1.98), what should give back the
expression (1.99) of X in the “initial” basis 4 :
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X =6b +11b,-4b,=6(a, - a,+ a;) +
+11(a, + a;) -
-4(a,+2a,+3ay) =

=2a,-3a,+ 5a,.

Hence, expression (1.99) in basis 4 of X has been retrieved.

8§ 1.1-A VECTOR SPACES, BASES AND COORDINATES - APPLICATIONS

Study the linear dependence / independence of the four vectors in

R* given below, for the real values of parameter A :

1 1 3 M
2 M 2 1

U =1 U=lgl Us=|5] Us=|{]
A 1 3 A

Find the coordinates X, of X =[0 0 0 1]" in the basis

A:a,=[1101]",4,=[1100]", a,=[2131]", a,=[01-1-1]7,

[ |

and theninbasis B: BT =TAT with T =

—_—O A~ W

3
4
-1
0

p—A.—lp—Ao

3
-1
0
0

5

Find a linear expression of the vector X = —1 % in terms of

2
1
4

-1
1
-2

1
-11.
3

a, = , Ay = , 3 = Is it unique ?

Show that the space POL,(R) of the polynomials over the field R

can be spanned by the set of "polynomial vectors" consisting of
p =2t p,=t*+t, py=t-1
and find the coordinates of p =¢2 -5¢ and g = 2¢ - 1 in this basis.

1-A5 Check that the column vectors of matrix
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13 13
A= 20 -13
-12 01

are linearly dependent, find a linear dependence relation among them
and determine the dimension of and a basis in the vector space spanned
by the four columns

Al, A% 43, 4°.

1-A.6 Determine the real values of parameter m such that vector

1-A.

X =[4 3 4]7 can be linearly expressed in terms of
U =[m 1117, U,=[112]",and Uy =[1 1 1]".
Then find the coordinates of X in basis 4 = [U, U, U,].

7 | Find a basis in the matrix space o#/2x3 (R), so that the coordinates

of any matrix 4 =[a, ; 1, «3 coincide with its entries.

1-A.8 Is it true that if v, v,, v; € V are linearly dependent, then the

1-A.

vectors W, SV EVy, Wy, SV + V3, Wy =V, 1,

are linearly dependent, too ?

(Hint: Assume some combination A, w, +A,w, +A;w; =0 and find

which } , are possible).
g | Decide the dependence or independence of

@ (1,1,2), (1,2,1), (3,1,1) e R?;
b) v, = vy, Vo= Vg, V3-V,, v,- v, foranyvectors v, v,,v;,v,€ V.
© (1,1,0), (1,0,0), (0,1,1) and (x,y,z) € R® for any real

numbers x, y, z.

1-A.10 | Inthe space of 2-by-2 matrices, find a basis for the subset of matrices

whose row sums and column sums are equal. Find five linearly
independent 3-by-3 matrices with this property.

1-A11 Decide whether it is True or False :

(a) If the columns of 4 are linearly independent, then equation
AX =b has exactly one solution for any b € R™;

(b) A 5-by-7 matrix never has linearly independent columns.
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1-A.12 | Check which one(s) of the polynomials # 2 and t-1 are (is) in the

space spanned by
{t3-t+1,3¢%+2¢, t3}.

1-A.13 | A vector space is spanned by a basis A, thatis V= £(4); find the

coordinates of x =-a; + 5a, + a,

1 3 1
in another basis B=ATT where T=| 2 0 -1
and then check the result. -1 2 0

Hint: The method employed in the latest example (Example 1.13 at page
25) can be here applied.

1-A.14 | The space of polynomials of order 3, that is POL,(R), can be

spanned by its standard basis

E={1,t,¢2,¢3}.
Check that the family
B=1{1,(t-1),(t-1)%, (-1}
is also a basis for this space. Find the transformation matrix from E to B

and find the coordinates of the polynomial p =3 - 2¢ + 4¢3 in both these
bases. Check the coordinates in basis B .




2.2 SUBSPACES OF VECTOR SPACES 31

§ 2.2 SUBSPACES OF VECTOR SPACES

The notion of algebraic structure was met in the highschool, together with the
one of substructure. For instance, a group may admit one or several subgroups.
Moreover, a rather general structure may admit substructures with richer
properties. As a typical example, the ring (with identity) of the square matrices
o/l ,(F) admits the subring of nonsingular matrices, but the latter one
(augmented with the zero matrix 0) is a non-commutative field, since any
nonsingular matrix is invertible (as we saw in § 1.2). Since the basic structure
of the LINEAR ALGEBRA is the vector (or linear) space, it is therefore natural to
see what would mean a substructure of a vector space.

Definition 2.1. Let V be a vector space over a field F. A subset W c V isa
subspace of V if W itself is a vector space over the same field (under the vector
sum and the multiplication of vectors by scalars in F). O

It follows that a simple subset W c ¥ is not necessarily a subspace. The
ten axioms of Def. 1.1 (L 1.....10) should be satisfied on W, too. However, let
us remark that it suffices only two of the ten axioms to be satisfied, namely
(L,) and (Lg),, as stated in

PROPOSITION 2.1. (W, F;+,Aw) With WcV isasubspaceof V iff
(L) Yu,we W) u+w e W, and
(L) (VAEF)(YweW) AweW.

Proof. We have to show that the other eight axioms of Def. 1.1 are also satisfied
on W. But some of them are "inherited" from the corresponding properties of
the sum and multiplication by scalars satisfied on the entire space
(V,F; +,Ax) :thisis the case with the associativity (L,) and commutativity
(Lj) of the vector sum, as well as with axioms (L), (Lg), (Lg) and
(L;p)- The only axioms which have to be effectively checked are (L;) and
(L 4), since it would be (theoretically) possible that the zero vector ( € ¥ be
no more in the subset W; similarly, it would also be possible that the
negative —w benomorein p forsome y ¢ W, But, taking L =-1 e¢F for
Vw e W and applying the consequence (L,s) of PROPOSITION 1.1 (which
holdsfor V x € V, hencealsofor Vwe Wc V = we€ V), wederive from
(Lg) that (-1)w =-w € W for Vw € W. Asregards the defining property
of the negative —y : 1 + (-w) = (-w) + w = 0, itis "inherited" from V. As
regards the membership 0 € W, itreadily followsfrom —w € W for Vw e W
and from (L,) with u replaced by w: w+(-w) € W, but w +(-w) =0,
hence (0 € W. This completes the proof. [
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In other words, a subset W of a vector space V is a subspace of V if
and only if W is closed (or stable) under the two linear operations: the sum of
vectors and the multiplication of vectors by scalars. Therefore, Definition 3.1
may be replaced by a "minimal" and equivalent one :

Definition 2.1'. (Subspaces) Let V be a vector space over a field F. A

subset W ¢ ¥ isasubspaceof V if axioms (L;) & (L) are satisfied on W.

o

If Definition 2.1' (hence Definition 2.1) is satisfied by asubset W c V', we
use the special notation

W sy V- 2.1)

This notation should be read "W is included as a subspace in the vector space
V"

Remark 2.1. Conditions (L) & (L) for checking whether a subset W < V
is a subspace of V can be replaced by a single condition :

(YA, Ay €eF)Y(Vw,w, e W) Ayw, +A,w, € W. (2.2)

Indeed, (2.2) = (L,) for A,=A,=1 & w,=u, w,=w and applying
(L;), too. (2.2) = (Lg) for A, =0,A,=% and W, replaced by W (also
applying consequence (L) in PROPOSITION 1.1).

Conversely, if Definition 2.1 (which is equivalent to P. 2.1) is satisfied on
W, then

VMAi,peF)Nu,weW)hueW Apwe W

by (Lg) and Au+pw € W by (L,); the equivalence is thus proved.
Hence, the preceding two definitions may be replaced by

Definition 2.1". Let V be a vector space over a field F. A subset Wc V is
a subspace of V iff (if and only if) the membership in (2.2) is satisfied. O

In fact, the property in (2.2) implies the axioms (L;) & (L), but the
scalars and the vectors are subscripted. The property in (2.2) means that

A subset of a vector space is a subspace iff it is closed under arbitrary
linear combinations (of two vectors in that subset).

This latter characterization of a vector subspace admits a generalization, given

by
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PROPOSITION2.2. If W c, V then

subsp

(VA hyseish, €EF)Y(Y W, Wyseosw, € W) Y, A,w, e W. (2.3)
i=1

and conversely.

Proof (by induction /m). Let us denote property (2.3) by (P, ). (P,) isjust
(2.2). Let us assume that (P, ) is satisfied on W. Then
(VA Ay hh  EF)Y (YW, wy,ec,w,,w, . EW)

m+1 m

Yorwo= Y Aw th, W, = u+v €W by (P,).
i=1 i

i=1 no

u =; Aw, €W by (P ), and v=A__,w . €W by (L.

Hence (P, ,,)is satisfied, and (P, ) thus holds for V m € N. The converse
implication is quite obvious, for m =2 with Definition 2.1". |

Before continuing with other definitions and results involving the subspaces,
let us see a couple of examples of subspaces. In general, a subspace can be
defined by specifying one or more properties of the elements (vectors) in the
vector spaceitisa part of. Buta subspace W <, . V' canalso be characterized
by identifying a basis that spansit: W = £ (B). Implicitly, its dimension can
also be determined.

Example 2.1. Let W c R” be the subset of the vectors X with the first
component = (), that is

W={X=[0x,..x,]7: x, eR for i=2,3,...,n}. (2.4)

Itisclear that W < R”, and iteasy to check condition (2.2) for any two vectors
X, Y € W since the first component of AX +pY will also be =0, hence
AX + pY € W. Abasisspanning W consists of e,, e;,..., e, - the vectors of
the standard basis E of R” except the first one. Hence, the dimension of W
is = n-1. This example may be obviously extended by defining W as the
subset of vectors X with the components at certain (but fixed) positions = 0.

O

Example 2.2. Let us consider a subset of the space of square matrices of order
2, o#(2(R) defined as
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W={[Z z :a,b,ce]R}_

It is easy to see that W is spanned by the basis consisting of three matrices,

namely
|11 0 10 1 10 0
31{01}32‘00LB3{10
since (VMeW) M =aB, +bB, +cB,. Hence, dimW =3, O

Example 2.3. Thesetof polynomialsoverR, POL, .. (R), whoseterms with
odd powers are =0, isa subspace of POL  (R). The reader is invited to prove
this assertion and show that the dimension of this subspace equals [%] +1,
where [x] denotes the integer part of the real number x. O

A rather general and important example of subspace is given in
PROPOSITION2.3. If @ = {u;,u,,...,u, } isafamily of vectors in the vector
space V, then the set spanned by A, £(A) is a subspace of V.

Proof. Let us consider two arbitrary scalars A, p € F and two vectors in the
set £(@) :

m m
v=2aiui,w=zﬁiui. (2.5)
i=1 i=1
A linear combination with the two vectors in (2.5) gives

M orpw =AY o+ n ) B = Y Moyu) + D u(Bu) =
i=1 i-1 i=1 i=1

) z_; (A o), + z_; (nB)u; = z_; (ho; +uB)u, = ;'Yiui; (2.6)

it follows from (2.6) that any linear combination of two vectorsin £ (®) is also
in this set, hence £ (@) is a subspace of V. [ |

Remark 2.2. It follows from the proof of PROPOSITION 3.1 that any subspace
of a vector space V includes the zero vector 0. The set consisting of this zero
vector, thatis {0}, isjust the "least" subspace of any vector space. Hence, any
subspace W satisfies the double inclusion

{0} cwcV. (2.7)

Thus, any vector space V admits two improper subspaces : the zero subspace
{0} and the space V itself. We denote by SUBSP,, the set of all subspaces
of V. The fact that the trivial subspace {0} is actually a subspace can be easily
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verified according to Def.3.1' :0+0 =0¢€ {0}, according to(L,);
(Lg): (YA €F) A0 =0¢€ {0} according to (L,,) in PROPOSITION 2.1.

As regards the dimension of a subspace, let us state

PROPOSITION2.3. If Wc_, V then dimW < dimV. (2.8)

subsp
Proof. In the trivial case when W =V, the inequality in (2.8) obviously

becomes anequality: dimW = dimV. If W < subsp
of V), let us denote dimW =m, dimV = n. Assume that m = n and let

B ={b,b,,...,b, } beabasisof W. But it follows from the hypothesis that

B isalsoabasisin V; hence, any vector x € V' can be linearly expressed in

V (W isaproper subspace

terms of B:
x=2§ibi = x€eW.
i-1

Thus we get the inclusion V' ¢ W, what contradicts W <, V' ; therefore
m = n is impossible and it follows that dimW <dimV if W cg, V. The

proof is over. u

Several operations can be defined on the subspaces of a vector space V.

Since the subspaces are subsets (parts) of V, the set-theoretic operations as the
set union and set intersection are naturally possible in SUBSP,, . But another
(specific) operation can also be defined :

Definition 2.2. Let W,, W, <., V. Then
@) Wi+ W, = {w +wy,:w, eW, Aw, eW,};
def

(@) wlUw, = {u:uewW, VueW,};
def

@iy WNOW, =4 {u:uecW, Nuew,}. o

Operations (ii) and (iii) should not be explained. As regards (i), the sum of two
subspaces is simply the sets of sums of two vectors, each of them in one of the
subspaces, respectively. The results of these three operations with subspaces

could be a subspace or merely a subset of V. The problem is established in
PROPOSITION2.4. If W, W, c_,., V then:

@ w +w,c Vv,

@) w.Nw, c V,;

(i) w,Uw, <

subsp
subsp

subsp

V.

not-subsp
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Proofs. (i) Let us take two arbitrary scalars A, p in the field F and two
vectors in W, +W, :u +u, and w,+w,.The corresponding linear
combination thereof is

Mu +uy)+p(wy+w,y) = huy+huy + pw +puw, =
=(hu;+pw)+(Au,+pw,) € W, +W,
since Wy, W, <, V' and Definition 2.1" gives the membership to W, W,
of the vectors between parentheses in the rightmost side of the above equation.
Def. 2.1 of a vector subspace has also been involved.

(ii) Let us take two arbitrary scalars A, p € F and two vectors in the
intersection: u,v € W, W,. Since

WNW,cwW,, W, < subsp V>

it follows that

Au+pveW, & hu+pve W, = Au+pve WNW,.
According to Definition 2.1", property (i7) holds, too. The proof is over.
(ili) The union of two subspaces W,, W, of a vector space V is clearly a
subset of its, but it is not necessarily a subspace. Let us take two vectors in
W, ,UW,, namely u € W, \W, and v € W, \ W, (provided these two set
differences are not empty). Obviously, u,v € W, UW, = u+ve W, UW,
it W, UW, wereasubspace.But u ¢ W, and v ¢ W, ; hence the sum of the
two vectors could be not in the union. A simple example would better prove this
possibility. Let us take two subspaces of R?, namely

07. al.
o -{(8]:ve), w,-{[g): o),
it follows that their union W, U W, consists of vectors with at least one
component =0. But let us now consider

u=[2] with b#0 & v=[g]with a=+0;

0
b

a
0

a

b

+

We clearly have w =u +v = with a,b #0.

Hence the sum w =u+v ¢ W, U W, as it should be if W, U W, were a
subspace. |

Remark 2.2. Certainly, the three operations introduced by Definition 2.2 can
be extended to sums, intersections and unions of several subspaces, and the
properties of PROPOSITION 3.4 still hold :

PROPOSITION 2.5. If (W;) < SUBSP, then:

1
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(i) ) W, € SUBSP, ;
iel

(ii) [\ W, € SUBSP, .
iel

(iii) U W, ¢ SUBSP, ;
iel

The proofs of these properties follow by inductionon m = cardI (if | is
a finite family of indices) and from PROPOSITION 2.4 ; we do not give them
here (leaving them as exercises to the reader). As regards property (iii) above,
it has be understood as in the proof of PROPOSITION 2.4 : the union of several

subspaces is not necessarily a subspace of V, but only a subset. It is, however,
possible that the union of certain particular subspaces gives a subspace.

The sum of two subspaces introduced in Def. 2.2 - (i) gives rise to an
interesting problem: a (fixed) vector x € W, + W, may be obviously written,
by definition, as

x=x,+x, with x, e W, ; (2.9)
but when is a decomposition like (3.9) unique ? The answer is given by

PROPOSITION 2.6. If W, W, cg, V then the decomposition

x=x,+x, € W+ W, with x, € W, N x, € W, is unique if and only if
w,Nw,={0}. (2.10)
Proof. (=): Assume that decomposition (2.9) is unique but - however -
W, MW, #{0}. Letus take a vector u € W, (NW,, u # 0. Then we obtain
two different decompositions of X, namely
X=X +X,=x+0+x, =x,~u+ru+x, e W, +W,;
the latter membership follows from u € W, \W,c W, W, S ubsp V- But

u#0, hence x, - u #x, and x, +u #x,. Thus, decomposition (2.9) would
be not unique !

(«): Let us now assume that condition (2.10) holds, but the decomposition
(2.9) would be not unique :
X=x+x,=y +y, with x,,y, € W, and y,,x, € W,. (2.11)
It follows from the double decomposition of X in (2.11) that
X =Y =V,=%y, = ueW, NW, (2.11"

not

sinceboth W, and W, aresubspacesof } . Butthemembershipin(2.11')and
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(2.10) imply that x, -y, =y,- %, =0 = x, =y, A x,=y,. Hence the
decomposition of X in (3.10) is - in fact - unique. [

Definition 2.3. Let W, W, c subsp V. If condition (2.10) satisfied, then the
sum of the two subspaces is said to be direct and it is denoted by @ :

W +W,=WeW,=WNW,={0}. (2.12)

not

The direct sum of several subspaces may also be defined :
m
WoW,o...0W, = (DW, «[i*j= W,NW, ={0}]. (213)
not ;-1
It Wi, Wy Sqpsp V and Wy @ W, =V then the subspaces W, W, are said
to be supplementary (with respect to V ).

An interesting relation between the dimensions of W, W,, W, NW,and
W, + W, isgiven by

THEOREM 2.1. (Grassmann) If W), W, c, V then
dim W, + dimW, = dim (W, N W,) +dim (W, + W,). (2.14)
Proof. Let
dimW, = m, dimW, = n, dim(W, NW,) =k, (2.15)

andlet B ={b,,b,,...,b,} W, W, be abasis. We complete B up to a
basis of W,: B, =1{b;,b,,...,b,,¢;,{5...,Cc,} of W,. Since B c W, too,
it can also be completed up to a basis B, = {b,,b,,...,b,,d,,{,...,d, } of
W,. Let us show that the family

B, = (b byreirbysCyrisenerCyrdysynennnd, } (2.16)

RS

is a basis of W, + W,. Forany x =x,+x, € W, +W, we have the linear
expressions of x,,x, inthetwobasesof W , W, :

x, =hb +Mb,+. .. +N b+ .t A, C s (2.17)
Xo =W by +pyby+ v b d et d (2.18)
It follows from (2.17) & (2.18) that
x=x+xy = (A +p)b +(Ay+p,)by +ooo+ (M + 1, )b, +
+ N1 Char FoootA C T Dt

Hence x € £ (B,) and B, of (2.16) is thus a spanning family for W, + W,.
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Let us show that B is linearly independent. The defining equation is
Biby+ oo +Brby+Yi1Chug oot ¥y Cp * Opuq dpy e +0,d, =0.(2.19)
If
Bibi+ . +Brby+YpiiChart - *¥pCp =0

then B, =...=B,=v;,,=...=7,=0 since B, isindependent, and (2.19)
with the next equations imply

0, dp *t...*0,d =0 = 3, ,,=...=06 =0
because {d,,,...,d,} isalsoindependent as a subfamily of basis B,. Letus
now assume that B, b, +B,b,+...+B, b, +v¥,, Cuy1*r +*V,C, =% * 0.
Since x € W, and Eq. (2.19) =

=-x=08,,,d;, +...+8,d, or
x=0b,+...+0b,+(-8,,,)d,,, +...(-8,)d,,
it follows that x € W,, too. Hence
xeW NW, = x=a,b +...+a,b,.

From this expression of X and from the former expression of — X we get

B,by+...+B. b= —-(8,,,d,,,+... +6,d) = (inview of (2.15))
B,o,+...+B. b+ 9,,,d, ., +...+3,d =0 = (since B, is independent)
By=...=B,=96,,,=...=8,=0 = x=0,

what contradicts the assumption that x # Q!
Therefore B, isabasisin W, + W, =
= dm(W,+W,)=k+(m-k)+(n-k)=m+n -k = (2.14).
|
Remark 2.3. 1f the sum W, + W, is direct, then - according to (2.12) and to
the obvious property dim {0} = 0 - we get the equation
dim (W, e W,) =dim W, + dim W, . (2.20)
We close this section with some more examples of subspaces. The first of the
next examples is very often met in applications :

Example 2.4. If 4.X = 0 isahomogeneous system with nontrivial solutions,
that is (see 8 1.2), rank A =r < n, then its set of solutions S is a subspace of
R”. This readily follows from (2.32) in Remark 2.4 of § 1.2, from definition
(2.31) of theset S and from Def. 3.1" of a subspace :
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X, X, €8 = A X, +%yX,) =X AX, + X, 4 X, =

=A0+2,0=0+0 > A X +A,X, €S = Sc R".

subsp

Moreover, its dimension equals »n - r, since - according to (2.43)in§1.2 -
any solution X of system (2.31) depends on n —r parameters and therefore
S is linearly spanned by the 5 — » columns of the block A4,. O

Example 2.5. If 4 € o/ m(R) then the row (sub)space of A is the set
spanned by its rows 4,,4,,...,4, while the column (sub)space of A is the

set spanned by its columns Al  A%,...,A". Let us denote these sets by
ROWSP, & COLSP ,, respectively. The fact that

ROWSP, ¢, R” & COLSP, c_, R™ (2.21)

subsp subsp

immediately follows from PROPOSITION 3.3. The dimension of both these
subspaces is obviously equal to the rank of the matrix A ; formally

ROWSP, = L(4,,4,,...,4,), COLSP, = L(4',42,...,4") &

dim ROWSP, = dim COLSP,, = r = rank 4. (2.22)
]

With reference to the preceding example, the set of solutions of a homogeneous
system may be written as

A
I

n-r

S = COLSPB12 R" where B, = 12, (2.23)

< subsp

Let us also illustrate the row and column (sub)spaces of a matrix A, and also
the two operations on subspaces giving a subspace (the sum and the
intersection) by a numerical example :

Example 2.6. Given the matrix

1 -1 2 3 4
4= 2 1 -1 2 o, (2.24)
-1 2 1 1 3

find a basis spanning each of the subspaces ROWSP  and COLSP ,,
respectively. Then write the general form of a vector in each of them.

In order to find the required bases in the subspaces spanned by the rows
and (respectively) the columns of matrix A, let us recall that any such a basis
will consist of I' rows / columns, with 7 = rank 4. Moreover, the method of
RANK PRESERVING TRANSFORMATIONS (see (2.36) in 8 1.2) gives the possibility
toidentify I'independent rows and columns giving these bases: they will be the
rows / columns passing through the triangular block 4, ,. Therefore, we have
to transform the matrix in (2.24) until reaching a quasi-triangular form :
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1 -1 2 3 4 1 05 7

= |0 1 3 4 7|=2|01 3 4 7 -
0 0 -14 -16 -29 0 01

05 7 11 0 0 9/7 9/14

1
1 0 4/7 11/14 | =% |0 1 0 4/7 11/14|.
0 1 8/7 29/14 0 0 1 8/7 29/14

)

SO =

The quasi-triangular form is just the third matrix in the chain above, and it is a
triangular matrix of order 3 ; it follows that the rank of A is =3. Moreover, the
rows and the columns corresponding to this block

_ 1 -1 2
4,=10 1 3 (2.25)
0 0 -14
give two possible bases :
Browse = [4; 4, As]T, Beorse = [A1 A2 A3]- (3.26)

Therefore, the general form of a vectorin ROWSP , is A, 4, + A, 4, + A, 4, =

=2 [1-1234]+0[21-120]+%[-12113]=
= A+ 2hy Ay A thy Ay 2h Ayt Ay 3A, 2K, + A, 4k, 4310

The general form of a vector in COLSP , is

By~ By * 205
M1A1+H2A2+M3A3="' 2; 2u1+u2—u3.
G| -py +2p, +uy

The last (quasi-diagonal) matrix in the above chain gives the expression of the
last two columns in (2.25) in the corresponding basis of (2.26), since the
transformations have been applied on the rows only :

A =L(94'+ 442 +843), 45 =L(94"+114% +294?).
7 14
O

The preceding example illustrates a way to establish the membership of
some vectorin R™ to the subspace spanned by other vectors in the same space.
In fact, in the spanning vectors are U,, U,, ..., U, €e R™ and the candidate
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vectors for the membership to
LW, U,,...,U,) are V), V,,...,V,eR"” (2.27)

(all of them written as columns), then this problem is equivalent to the
simultaneous solution of nonhomogeneous linear systems with the same
coefficient matrix, 4 = [U; U, ... U,] and with the matrix of the free terms

B =[V, V, ... ¥,]1. This latter problem was discussed (in some detail) in §
1.2 - pages 50-51. Hence, the problem of deciding whether

V€2 (Up, Uy Up) = W for j=1,2,...,0 (2.28)

or not can be reduced to the study and solution of several systems with the
augmented matrix 4 = [4|B]. If rankA4 = m (what is possible only for
k > m) then the answer is always positive: the multiple solution of the system

AX=B (2.29)
will give - on the columnsof X =[X!... X/ ... X'] - the (coefficients of the)
linear expression of the vectors V,, V,, ..., V, intermsof U,, U,, ..., U, . This
expression will be unique iff (thatis, <=) k = m = rank 4. But, in this case, A
is just a basis for the space R” . The more interesting caseis rank 4 = r < m.
In this situation (see § 1.2 ) some of vectors Vis Vyy..., V, may bein W of
(2.28) while others may be outside, thatisin R™\ W. But the expressions of
the vectors inside W will be not unique: they will depend on k - r parameters
(for k>r), Uys Hys.-.s Hy_,. Similar problems can occur when it is required
to find a basis spanning the sum or the intersection of two subspaces.

Example 2.7. Let us consider two subspaces [ & W of R3 respectively
spanned by

1 0 0 1
Ad:a; =2|,a,=|"1| & B:b,=|"2|,b,=|1]. (2.30)
0 1 2 1

The general expression of a vector in the sum U & W is

1 0 0 1
X =0,a,+0,a,+B; b+ Byb,=0a|2|+a,| 1|+, |-2]|+B,|!]
0 1 2
2.31)

It is obvious that not all of the four vector in (2.30-31) are independent since
their number is 4 > dim R3 = 3 and it can also be seen that
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0
b1=2a2= -2 &b2=a1+a2=
2

(2.32)

[P

Moreover, the dependence relations (2.32) = [a, b,] or [a, a,] are
bases for U+ W = dim (U + W) = 2. Itis also clear that the dimensions of
the two subspaces are both = 2 since the generating families in (2.30) are
independent.

As regards the intersection of the two subspaces, we have to look for a
vector

YeUNW = Y=a,a,+a,a,=B, b, +B,b,. (2.33)

This (latter) vector equation (2.33) is - in fact - a homogeneous system in the
unknown vector [a, a, B, B,] T, The (coefficient) matrix of this system is

(1 0 0 -1 10 0 -1

[a, a, b, ~b,] =|2 -1 2 -1|~[01 -2 -1~
0 1 2 -1] [20 0 -2

10 0 -1 ;o o
~[o1 -2 1|~ T o
00 0 0
1 0
= (for ﬁlnztﬁ & anztv) Y=y 3 + (2B +y) ‘i =
Y 0 1
—|-2B+y|=B|-2|+y|1|=B,b +B,b,. (2.34)

2B +y 2 1

We have thus retrieved, in view of the rightmost side of (2.34), the second
expression of a vector Y in the intersection written in (2.33), what means that

UNw=2(B)=W. (2.35)
But a possibility for checking the general expression of (2.34) of a vector in the
intersection subspaces is available if we use the solution of the homogeneous
system that has led to (3.34), with the vectors of basis B :

0 1

Y=B,b,+B,b, = B|-2]+y|]1|=..= (234).
(2.30) 2 1
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Therefore, the intersection has been found to be equal to the second subspace W,
that is

UNW=W = WcU. (2.36)

But it can be easily checked that the converse inclusion to that of (2.36) also
holds. This follows from the fact that the two bases can be replaced by each
other. Indeed,

232) = £(B)c £U4)=U= WcU.

But the same relationship in (2.32) allows to express the vectors of A in terms
of (those in) B :

(2.32) = a2=%b1 & a1=b2—a1=b2—%bl.

Hence U=W = UNW =UU W = U = W. Thisisarather strange case, but

it follows, from the above discussion, that Grassmann’s formula is satisfied by
these two subspaces :

dimU=2, dimW=2, dim(U+ W) =2, dim(UN W) =2.
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§ 2.2-A SUBSPACES OF VECTOR SPACES - APPLICATIONS

There are considered, in the space R4, the vectors
u

2 7 4 5 8

4l |4l |8 |5 _| 4
O e A A e I S 1 N B 1 HRCAN B VR b

3 5 7 5 6

Whichis dim W with W spannedby u,, u,, u;, u,, u; ? Chooseabasis
in W and express the other vectors in it.

2-A.2 Determine a basis of the subspace of R spanned by the vectors

1 2 6 1

2 5 17 3
u, = —;1 , Uy = —i , Uy = —lg , Uy = —; .

1 8 22 0

2-A.3 Check which of the polynomials #2 and ¢ -1 belong to the
subspace generated by
{t3-1+1,3¢t2+2¢,13} < POL,;(R).

Then find a linear expression for that one(s) which are in this subspace.

2-A.4 Prove that the subsets (of the corresponding vector spaces) given

in Examples 2.4 thru 2.6 (in § 2.2) are actually subspaces, and
find bases spanning them.

2-A.5 Determine dim W,y andabasisforeachof W, (£ = i,ii) - the
solution (sub)spaces of the homogeneous systems

X, -3x,+x;=0,

x, —4x, +3x, - x,=0,
{ ! 2 3 4 2x, - 6x, +2x, =0,

2x, - 8x, + 6x, - 2x, =0;
b s T 3%, - 9x, + 3x, = 0.

2-A.6 The subspaces W, W,c R3 are respectively spanned by

1 4
@:a,=| 3|,a,=]|0{,a,=|3
1 1
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-1 2
and B : b, =| 3|,b,=|0].
-4 2

Find a basis in each of the subspaces W, W, W, N w,, W, U w,.

2-A.7

2-A.9

2-A.10

Find a basis in each of ROWSP, & COLSP, where

1 -13 2 2 1

0 3 6 0 -2
A=12 -3 -2 4 4|.

3 -3 6 6 3

5 -3 10 10 5

Show that the set of functions
W={f:f(x) =acosx + bsinx with a,b € R}

is a subspace of the space of real functions & R.

Check whether the family of matrices

2 -2] . [1 -4] . [0 -4
SN F T

4 -6
is linearly dependent or independent, and find a basis in the
subspace of spanned by this family.

@:A:[

Let us consider a subset of R” defined by

W={X=(x;,%y....0x,) ER":x +x,+...+x =0 A x +x,=0}.

2-A.11

2-A.12

Show that W is asubspace of R”, find its dimension and a
basis spanning it.

Let W be the subset of o# 3(R) of matrices of the form

a b ¢
c a-c 0.
b 0 O

Show that W ¢ subsp o/ 3(R) and identify a basis of W.

Determine the dimensions of the sum and intersection spanned

1 3 2

0 1
=| 2|,a,=| 4|,a;=| 2 and%:b1=i,b2=(2),

-1 -2 -1

respectively.
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Show that the family of functions

{f,hen< 8[-n,m]° f,(x) = cos nx

is linearly independent. What about dim { Jotwen ?

Establish which of the following subsets of POL_, (R) (the
space of polynomials of degree < n) are vector subspaces:

(@) S, ={p®:p(0)=acR};

&) 8, ={p®:p®=p'®};

© 83 ={p®:2p(0) +p2)=0};

@ S, ={p®@:p()+p@)+...+ p(n) =0},

Determine a, P € (R) so that the dimension of the subspace
spanned by the matrices

1
4,=0
1

S OO

0 100
al, 4,=|0 B 1|, 4,=
1 10 1

o™ O
S OO
S = O
- o O

be minimum (the least possible).

Two subspaces W, W, < R3 are respectively spanned by
A:a=[120]"andB:b,=[210]" & b,=[1-1 a]™.
Find o suchthat W, W, = {0}. Then find the sum
decomposition of

u=[11 1]T=w1+w2: weEW, & wyeW,.




